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Abstract 

Superstring theory is the most powerful candidate for the theory unifying Standard model and gravity, 
and this field has been rigorously researched. The discovery of a BPS object named D-brane has lead 
to the idea that different kinds of superstring theory - type IIA, type TIB, type I, 50(32) heterotic and 
Es X Es heterotic theory - are related with each other by duality. Now, the formulation of superstring 
theory has been realized only perturbatively. However, if we succeed in the formulation of the constructive 
definition of superstring theory, which does not depend on the perturbation, this will be a genuine unified 
theory describing all interactions. 'Matrix model' is regarded as the most powerful arena to describe the 
nonperturbative superstring theory. Here, we mean 'matrix model' by a model in which the theory is 
described in terms of N x N matrices and superstring theory is reproduced in the limit N oo. This 
belief is based on the series of works in the late 1980's. These works have provided us with the computation 
of the exact solution of the nonperturbative bosonic string theory in less than 1 dimensional spacetime by 
describing the bosonic string in terms of N x N matrices. Many proposals for the constructive definition 
of superstring theory have been hitherto made, and the most successful existing proposal is IKKT model. 
This is a dimensional reduction of 10 dimensional TV = 1 SYM to dimension, and is identical to the matrix 
regularization of the Green-Schwarz action of type TIB superstring theory. Yet, it is an exciting issue to 
pursue a model exceeding IKKT model, and we investigate the matrix model proposed by L. Smolin |13| 
|17|. He proposed a cubic matrix model in which both the bosons and the fermions are embedded in one 
multiplet. He proposed two Lie algebras for the framework of this cubic matrix model. One is osp(l]32, R). 
This is a natural arena in that this is the maximal simple Lie algebra of the symmetry of 11 dimensional 
M-theory. The other is the ii(l|16, 16), which is suggested as an extension of osp(l|32, R). This paper reports 
the research of the formulation of the matrix model based on Smolin's proposal. We discuss the original 
proposal osp{l\32, R) super Lie algebra, and gl{l\32, R), which is the analytic continuation of the gauged 
u(l|16, 16) theory. We discuss the relationship with the existing matrix model and the supersymmetry for 
these two models. This paper is based on the collaboration with S. Iso, H. Kawai and Y. Ohwashi pp. 



^This paper is based on the master's dissertation submitted to the Department of Physics, Faculty of Science, Kyoto University 
on February 2001. 
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1 Introduction 



One of the main themes in elementary particle physics is unification. Four kinds of interactions are known - weak, 
strong, electromagnetic and gravitational interactions. Much effort has been hitherto made to understand these 
interactions by means of a unified quantized theory. In 1967, the Glashow-Weinberg-Salam model succeeded 
in unifying the electromagnetic and weak interactions in terms of SU{2) x U{1) gauge theory. The ensuing 
success is the emergence of Grand Unified Theory (GUT) in the early 1970's, which further unifies the strong 
interactions. This theory possesses the gauge group SU{3) x SU{2) x f/(l), and another name is Standard 
Model. 
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Figure 1: The chronological table of the development of particle physics. All four interactions are believed to 
be unified by superstring theory. 

The last and most difficult theme is the unification of the gravity. Unlike the other interactions, the gravi- 
tational interaction cannot be renormalized due to the intense divergence. Then we require another formalism 
than the gauge theory to complete a consistent quantum theory which unifies the Standard Model and the 
gravity. The most promising candidate is the superstring theory. 

Superstring theory possesses many splendid properties. Superstring theory naturally contains not only mat- 
ter and gauge fields but also gravitational fields. Every consistent superstring theory contains a massless spin-2 
state, which corresponds to graviton. It possesses a sufficiently large gauge group to include the conventional 
Standard model. £'§ x £"§ heterotic superstring compactified on Calabi-Yau manifold is strikingly similar to the 
SUiS) X SU{2) X C/(l) Standard Model. 

The research of superstring theory has advanced at an astonishing rate in recent years. One of the significant 
discovery of superstring theory is the BPS object named D-brane, defined as an object on which a superstring 
can terminate. D-brane has made a remarkable contribution in the unification of five kinds of superstring which 
seems to differ in the perturbative framework - type I, type IIA, type IIB, 5*0(32) heterotic and Eg x Eg heterotic 
superstring theory. The discovery of D-brane enables us to relate these theories by duality, and these theories 
are now regarded as a limit of one unified theory. And if we succeed in finding the constructive definition, 
which describes the nonperturbative behavior of the superstring, of any one of these superstring theories, the 
rest of the theories are described by duality, perturbatively or nonperturbatively. If such a theory is found, this 
may become 'Theory of Everything'. The word 'Theory of Everything' means the theory which describes all 
interactions and phenomena in our whole universe. We believe that all interactions in the whole universe are 
distinguished by the above-mentioned four interactions, and if we obtain a theory which unifies all of them, this 
can be called 'Theory of Everything'. The last and the biggest dream of particle physics is to find this ultimate 
theory. 

Now, many string theorists believe the conjecture that the unified theory may be described by a matrix 
model. The first proposal was made by Banks, Fischler, Shenker and Susskind 0]. Their matrix model was 
obtained by the dimensional reduction of the 10 dimensional super- Yang-Mills(SYM) theory to 1 dimension. 
This model are deeply related to type IIA superstring theory, and type IIA SUGRA is induced by one-loop 
effect. In this theory, the physical quantities are described by TV x matrices, and when we take the size 
of these matrices to an infinity, this theory gives a microscopic second-quantized description of M-theory in 
light-cone coordinates. 

Another proposal for a matrix model was made by Ishibashi, Kawai, Kitazawa and Tsuchiya [5| ^ . This 
is IKKT (IIB matrix) model and is the most powerful candidate for the constructive definition of superstring 

^for a review, see IIUI or 1271 
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Figure 2: All string theories, and M-theory, are conjectured to be a limit of one theory. 



theory. This theory is the dimensional reduction of the 10 dimensional SYM theory to dimension. The action 
of IKKT model is surprisingly simple : 



As the name of this theory indicates, this theory is deeply related to type IIB superstring theory. This theory 
has splendid properties, which we explain in Sec. 3. These properties gives us a confidence that IKKT model 
may be a successful constructive definition of the superstring theory. 
Then, here comes one simple but fundamental question. 



The background of this belief dates back to the late 1980's ^, long before the discovery of D-brane by J. Polchin- 
ski. Grand Unified Theory (GUT) was a great success in unifying three of the four fundamental interactions 
in elementary particle physics. Another success is the description of the nonperturbative behavior of Quantum 
Chromodynamics(QCD). There are two ways to describe the strong-coupling region - large N expansion and 
lattice gauge theory. It has been speculated that the same may be true of string theory, and many attempts have 
been made to describe string theory in terms of large N matrix theory. Brezin and Kazakov succeeded in 
solving exactly the behavior of bosonic string theory of less than 1 spacetime dimension by means of orthogonal 
polynomial method, and their analysis well reproduced the behavior of string theory. These works, although 
they do not give so many clues technically, support strongly the belief that the nonperturbative behavior of 
superstring theory should be described by large N matrix theory. 

Based on this philosophy, we speculate that the Ariadne's thread to 'Theory of Everything' should lie in 
large N matrix theory. Our research is a pursuit of another matrix model than IKKT model, expecting this to 
exceed IKKT model, and the clue to the new matrix model was proposed by L. Smolin |17j . He proposed 
a cubic matrix model with the multiplet belonging to super Lie algebra osp(l|32, R) or m(1|16, 16)^. This super 
Lie algebra osp{l\32, R) has been known as the maximal super Lie algebra possessing the symmetry of 11 
dimensional M-theory, and this super Lie algebra is a natural arena for describing a constructive definition of 
superstring theory. We will explain in the subsequent section our motivation to follow the idea of L. Smolin 
and pursue this cubic matrix model. 

This paper is organized as follows. 

• Sec. 2. is devoted to a brief review of the success of old matrix theory. Although this knowledge does not 
provide one with the technical hint of modern matrix model, these series of works are of importance in 
that they give us the belief that the constructive definition of superstring theory should be described by 
matrix model. 

• Sec. 3. is a brief review of IKKT model. We review the successful aspects of this model, and especially 
introduce a knowledge we inherit in our research of the new cubic matrix model. 

*for a review of the progress of old matrix theory (2D quantum gravity), see ^ 

""Throughout this paper, we denote the Lie groups by the capital letters, and the Lie algebras by the small letters. 



S = -\Tr{^[A,A,][A\A^] + ^jViA^i^]). 



(1.1) 



Why do we stick to the large N matrix theory ? 
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• Sec. 4. is based on our research of osp{l\32, R) cubic matrix model p. We especially investigate the 
relationship of this cubic matrix model with the existing proposal of matrix model. We compare the 
supersymmetry of this cubic matrix model with IKKT model, and consider how IKKT model is induced 
from the cubic matrix model. 

• Sec. 5. introduces another version of this cubic matrix model, called 'gauged action'. We treat the theory 
with the gauge symmetry vastly enhanced, following the idea of L. Smolin |17| . The multiplets now belong 
to gl{l\32,R) super Lie algebra, and the gauge symmetry for the large N matrices is altered to gl{N, R). 
We investigate^ the possibility of this extended version of the cubic matrix model, again paying attention 
to the supersymmetry and the relationship with IKKT model. 

• Sec 6. is devoted to the concluding remark and the outlook of our research. 

• Appendix. A summarizes the notation of this paper, and introduces the knowledge of the properties of 
gamma matrix, supermatrices, su{N) Lie algebra and the notion of the tensor product frequently used in 
the context of gauged theory. 

• Appendix. B provides us with the miscellaneous calculation of this paper in full detail. 

• Appendix. C. introduces the notion named the Wigner Inonii contraction, which is needed in the discussion 
in Sec. 5. 



2 The brief review of Quantum Gravity in D < 1 

We begin with a brief review of the old days - the quantization of gravity in D < 1, in order to gain insight into the 
belief that the constructive definition of superstring theory is described by matrix theory. This section is devoted 
to introducing a series of works in the late 1980's, in which they succeeded in describing the nonperturbative 
behavior of a noncritical string via matrix theory. 



2.1 The quantization of D < 1 dimensional string theory 

Distler and Kawai |23j succeeded in the quantization of a non-critical string via conformal gauge. This subsection 
focuses on bosonic string, however their discussion readily extends to superstring theory with ease. The path 
integral of the bosonic Polyakov action is 

Z = [ ^^exp(-S'M)- / dXd(t>dbdcexp{-SM - Stc). (2.1) 
J Vdiff J 

• Sm = J]^ d^ Zy/gg'^'^daX^dbX^ + ^ /^^ d^z^fgR is the Polyakov action of bosonic string theory. This 
action is, per se, classical, and hence not subject to Weyl anomaly. 

• She — ^ J d^z{bzzdzc'' + bzzdzC^) is the Faddeev-Popov ghost, which emerge as we gauge-fix the Polyakov 
action. 

• We use a parameter (j) for parameterizing a metric g according to a Weyl rescaling. 

We consider this path integral in detail in order to gain insight into the quantum effect of the Weyl trans- 
formation of the non-critical string. The Weyl transformation is expressed by 



Jab 



gabe^ ^ gab- (2.2) 



Then, the Polyakov action, including the ghost effect, is subject to this transformation in a quantum level. 
The quantum effect emerges when we consider the effective action by the above path integral (jOJ- We define 
the effective action as 

exp(— 5*6//) = j dXd(j)dbdceyip{—SM — Sbc)- (2-3) 

Note that this effective action is a quantum object, unlike the original Polyakov action. This action possesses 
Weyl anomaly, so that this induces the Liouville action by Weyl transformation: 

Sl S^ffie'f'g) - S^ffig) = / d' z^g{^g'^'da<t>db^ + R<P + M(e* - 1)), (2.4) 
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where _D is a dimension of the spacetime and /i is an arbitrary integration constant. This is called the Liouville 
action, whose derivation we refer to |19| . For a critical string, which is realized when the dimension of the 
spacetime is D = 26, the Weyl anomaly is cancelled between the matter and the ghost field. However, the 
same is no longer true of the noncritical string. This situation indicates that the Weyl parameter is not a gauge 
freedom but provides an additional interacting dimension^. This is a fatal obstacle in considering this path 
integral. The cancer lies in the fact that the measure of (f> itself depends on 0. 

The measures of the path integral are defined in terms of the norms of the functional space: 

II <5</> ||2= I d^z^{54>f - j d^z^ge^(^\54>f. (2.5) 

This measure is too difficult to analyze because of the dependence of || Sff) || itself on (j). In order to remedy this 
situation, we transplant the cancer to the Jacobian, and express the measure in terms of not g but g: 

[dX]g[db]g[dc]g[d4>]g = [d X] g[db] g[dc] g[d<i>] g J . (2.6) 

J is the Jacobian in question whose explicit form we do not know. However, we consider the Weyl transformation 
of [dX\, \dh] and [dc\ in order to grasp the Jacobian J. We have already investigated the difference due to the 
Weyl transformation of the effective Polyakov action. Its path integral is expressed by 

Z = j [dX]g[dh]g[dc]g[d4>]g CX? ( " " ^bc)- (2.7) 

As we have seen before, the classical Polyakov action and the ghost action 5a/ + Sbc are, per se, Weyl invariant. 
However, when we consider an effective action Seff with the quantum effect included in the path integral, 
Seff possesses Weyl anomaly. We express the dependence on the parameter of Weyl transformation hy the 
transformation of the measure. This reflects the idea that the Weyl anomaly is due to the quantum effect, and 
hence that the culprit is the measure of the path integral. We depict this idea by imposing the responsibility of 
the Weyl anomaly on the functional measure: 

[dX]g = [dX]§exp(-^ j d'z^{^g-''daC^db^ + R4> + Ke^ - 1))), (2.8) 

[dbdc]g = [dbdc]g exp(--^ / d^z^ih-'dacl^dbcl) + R^ + M(e* - 1))). (2.9) 
4o7r J Z 

This never gives an explicit form of J, because of the difficulty in the path integral with respect to (f>. However, 
we can set the following ansatz, looking carefully at the formulae (|2.8|l and 1)2. 9|l : 

jansat.l_ J ^{y^gabg^^Q^^ _ Q^f^^ + ^.^^^^^y (2.10) 

We emphasize that this is not a perfect answer but an assumption. We now determine the variables Q and a 
according to the following two conditions^. 

• The partition function itself must not possess Weyl anomaly. 

• The metric g — e°"^g should be Weyl invariant. 

We first consider the Weyl invariance of the partition function. This condition is imposed because we would 
like to construct a consistent quantization of string, and the theory should be free from any kind of anomaly. 
The corresponding energy momentum tensor is 

Tl = -i : d^dq^ : ~^d'^. (2.11) 

Taking the operator product expansion T{z)T{w) ~ 2(z-w)^ (z-^m)^ -^(^) ~^ ^9T{w), we obtain a central 
charge cl = 1 + SQ^. Therefore, in order for the partition function not to possess Weyl anomaly, the sum of 
the following charge is zero. 

^Note that this is why the noncritical string in D dimensions is interpreted as a critical string in d = D + 1 dimensions. Here, 
we refer to the spacetime dimensions as that of the noncritical string. 
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From now on, we insert the explicit quantity of Regge slope: We adopt the notation a' = 2. 
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• CL = 1 + : This stems from the Liouville mode, where Q is an unknown coefficient. 

• Cm = D : This stems from the energy-momentum tensor of the matter field Tm{z) — '■ dX^^dX^ 
This gives one central charge per (spacetime) dimension. 

• Che = —26 : This is a contribution from the ghost energy momentum tensor. 



25-D 



This gives a result Q = w 3 

The next step is the evaluation of the unknown coefRcient a. This is determined by the latter condition: 
Weyl invariance of gab- This is equivalent to the statement that 

(Conformal weight of e""*) = 1. (2.12) 

On the other hand, the OPE with the EM tensor gives a weight —^a{Q + a). Thus we obtain 

a± = ^{V25 - DtVI - D). (2.13) 

The agreement with the classical result {D — > —00) in achieved if we take the branch a = = — ^^(\/25 — D— 
\/l — D). Note that this answer is physically significant only if D < 1. 

• When 1 < D < 25, we clearly give an inconsistent behavior of the theory, because e°"^ = exp(— ^^V25 — D- 

D — 1) and the imaginary part indicates the existence of tachyon vertex*. Therefore, we must regard 
the vacuum of (p as unstable and this quantization cannot be applied to the case in which 1 < 13 < 25. 

• When D > 25, both Q and a are pure imaginary. It seems that we can escape from the problem of 
tachyon vertex by the analytic continuation — s- However, this changes the sign of the kinetic term 
of H2.10|l . ip thus becomes a ghost field, and this procedure of the quantization cannot be applied to this 
case, either. 

This quantization of gravity is valid only if the dimension of the spacetime is less than or equals 1 (hence d < 2, 
including the Liouville mode). Although this work only gives an answer to the quantization of gravity for a 
very low spacetime dimension, this result plays an essential role in providing the belief that string is expressed 
by matrix model. Another essential success of Distler and Kawai is the evaluation of the scaling law which 
remarkably agrees with the result of matrix theory, as we will explain in the subsequent section. We next 
consider the partition function as a function of the area of the world sheet. Let A be the area of the worldsheet: 
A = J (fzy/ge°"l'. Then, 

Z = j dXdgexp{-SM)SiJ ze°"t' y/l ~ A) , (2.14) 

where we omitted the measure and the action of the ghost contribution because these have nothing to do with 
the discussion of the scaling law. We expect the action to be invariant under the scaling of the parameter 
(j) ^ 4) + ^. The shift of the Liouville action H2.10|l and the delta function is 

J--J~^[d^z^R^ = J-{l-h)^, (2.15) 
on J a a 

S{ J d^ze°">'^/§ -A)-. e~P5{ j d^ze^-^y^- e-PA), (2.16) 

where we have utilized the property of the Eulcr character: x — J d^z\/gR = 2(1 — h), and h is the number 
of the genera of the world sheet. Therefore, the partition fmiction is 

Z{A) = exp((^t^ - l)p)Zie-PA) Z = KA^^'-''^-\ (2.17) 
a 

We define a quantity 7 named string susceptibility, as the exponent of the area of the world sheet: 

Z{A) - if (2,18) 

*Some attempts to surmount this problem and to extend this idea to the critical string theory using the idea of tachyon 
condensation are made in 
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The string susceptibility 7 is thus 



7 = - 25 - v/(25 - - i?)) + 2. (2.19) 

We have completed the evaluation of the string susceptibility, and this result is shown to match (for D = 0) the 
analysis of dimensional QFT, which we explain in the subsequent section. The analysis of Distler and Kawai 
is applied to superstring theory |23| . We omit in this review the extension of this discussion to superstring 
theory, but they have succeeded in the quantization of superstring theory only for D < 1. 

2.2 Random Triangulation 

Although the time sequence is upside down, we next introduce the work of F. David 22 in 1985. Lattice gauge 
theory played an essential role in describing the nonperturbative region of QFT. The work of David inherits 
the idea of lattice gauge theory and attempted to construct the discritized version of string theory. His idea 
was to divide the worldsheet into many polygons. For simplicity, we focus on 'random triangulation' but this 
idea applies to any polygon. We first emphasize that, although the quantization of string theory suggested by 
Distler and Kawai is extended to superstring theory, this 'random triangulation' cannot be applied to superstring 
theory. This is due to the difficulty in describing a chiral fcrmion in a discritized worldsheet. This is the same 
kind of obstacle as is faced in lattice gauge theory. Therefore, we limit the following discussion only to the 
bosonic string theory. 

We consider D = dimensional string theory^. This is a pure theory of surfaces without any coupling to 
matter degrees of freedom on the string worldsheet. The partition function of this string theory is 

00 ^ 

Z = Y. dgexp{~/3A + -fx). (2.20) 

h=0 

• ft, is a number of the genera of the worldsheet. 

• A is an area of the worldsheet, which is expressed hy A — ^ dfx^/g. Polyakov action is 

Sm = J (Pzy^g°-''daX^dbX^, but this is the same as the area of the worldsheet since we are now 
considering the D = theory. 

• X is the Euler character of the worldsheet: X — J (Pzy/gR = 2(1 — h). 

• P and 7 are coefficients which do not play an important role in this context. 

This path integral is too difficult to solve explicitly, and we need an approximation. We do not perform an 
integration for a continuous Riemann surface, but discritize the surface into many equilateral triangle. This is 
the well-known method 'random triangulation'. 




Figure 3: We discritize the worldsheet into many equilateral triangles in 'random triangulation'. 
Then, the integration of the path integral is replaced with the sum of all random triangulation 

E/d5^ E ■ (2.21) 

^=0 random triangulation 

®The content of this section and the next section is based on the reviewi2i. 
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This procedure does not make any change in Eulcr number. Look back on the terms in the path integral / ^/gR. 
The sum X^random triangulation^® regarded as the sum of the points at which the vertices of the triangles meet 
one another. Suppose there are Ni incident equilateral triangle at the vertex i. The Ricci scalar at this point 
is Ri = 2tt{^ - 1): 



J ^R^Yl 4^(1 = ^""^^ " f ^ = ^""^^ -E + F)= 47rx, (2.22) 

where V, E and F are the number of vertices, edges and faces of the discritized worldsheet respectively, and we 

have utilized the relationship 3F = 2E. 

This model is in fact described by dimensional QFT of (p^ theory. First, let us investigate the Feynman 
rule of the matrix theory whose action is 

S = ^TrM^, (2.23) 

where M si an hcrmitian N x N matrix and the trace Tr is taken with respect to the N x N matrices. The 
partition function is now 

Z = Jd^^Me-^ = j d^^Mexp{-^TrM'^). (2.24) 
The propagator of this theory is given by 

{MijMki) = ^ j d^'MMijMki exp(- ^TrM^) = SuSjk. (2.25) 
(Proof) We note that, due to the hermiticity of M, the trace is written as 

JV N 

-TrM^ = -J2MijMji= ^ M,jM:^ + -Y,MuMu. (2.26) 



2 z_ ^ — ''J — J* / J — — ij 2 

i,j=l l<i<j<N 



Especially, we separate into the real and the imaginary part as 



Mij = ^''^ '^ (=M^). (2.27) 



Here, Xij and Yij are real c-number. Then, the quadratic term is written as 



iTrM2=if^M,, + i ^ (Xfj+Y^). (2.28) 



2 2 2 

i=l l<i<j<N 

The derivation of the propagator reduces to the simple Gaussian integral: 

1 /+^rfxx2exp(-2|!) 



(2.29) 



• {MiiMii) survives only for i = I. 

• For {MijMki) {i ^ j), we note the following two results. Firstly, (MijMij) is shown to vanish as 

{MijMij) = liiXijXij - YijYi, +2i X,,Yj)) = 1^ = 0. (2.30) 
cancelled (*) 

Here, (*) does not contribute ab initio, since this is a linear term of each Xij and Yij. Secondly, we note that 

{MijMji) = \{{XijXij + YijYij)) = 1 (2.31) 
survives (namely when i = l,j = k). 
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= 5,5.^ 



k 

J J 

Figure 4: The Feynman rule of the D — dimensional matrix model. The left describes the propagator while 
the right describes the vertex. 

This completes the proof of the Feynman rule l|2.25|l . (Q.E.D.) 

We next investigate the contribution of the vertex. For the (j)^ theory, the action including the interaction is 

5mt = ^TrM^ + ^TrM\ (2.32) 

The way to take the sum with respect to the indices is described by the Feynman rule, as shown in Fig. 0] 
The vertex is 0{X). In this Feynman rule, the presence of the upper and lower matrix indices is represented by 
the double line, and this description inherits that of large N QCD. This is a natural notation because D — Q 
dimensional QFT shares the structure of Feynman diagrams with large N QCD. 

We next explain the relationship between the string theory described by the 'random triangulation' and the 
D = dimensional QFT. Consider the partition function of the above large N matrix model with (f)^ interaction 



■^QFT 



= I d^h4exp(~-TrM'^ + -^TrM^), (2.33) 
' 2 ' 



where M is a hermitian matrix, and A is now replaced with A Note that this integral is defined by 

the analytic continuation in the coupling constant g. We perform a Taylor expansion of the interaction term 
exp(^^TrAf '^). Then, this matrix integration is 



^Q^^ = E nS^^^ j d''-MeM~^^TrAP){TrM--r- (2.34) 



n=Q 

The n-th power describes the system in which there are n 3-point vertices in the world sheet. And the above 
Feynman rule shows that this system is described by gluing n equilateral triangles described by fig. |31 Since 
each equilateral triangle possesses unit area, 

A = (area of the worldsheet) = (number of triangles) = n. (2.35) 

We would like to identify this D = QFT with the partition function of the D — bosonic string theory. In 
this process, there are two identifications. 

• We can immediately discern the identification = g 

• The other is to identify e"^ with the size of the matrices N. However, this is less trivial than the previous 
identification, and we need some explanation. To discern the identification N = , let us rescale this 
matrix model by M ^ M\/N . The action is then described by 

- l-TrM"^ + -^TrM^ -> N{-l-TrM^ + gTrM^). (2.36) 
2 v 2 



This rescale makes N an overall factor, and the N dependence of the Feynman rule becomes transparent. 
■k Vertex: This is clearly 0{N), because of the interaction term gNTrM'^ . 

★ Propagator: This is 0{N~'^), because of the formula a;^ exp(— ^)dx = ^ exp(— ^)dx, 
with a now being replaced by N . 

■k Loop: This is 0{N). To comprehend this statement, let us have a look at a simple case. Consider 
the diagram of {MijMki) in Fig. 01 There are N ways to connect the indices for each of 5\ and (5|. 

This induces E^.fe.i^i = The total contribution is therefore 0{N-^N'^) = 0{N). 
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These rules indicate that the total contribution of the power of TV is 

0{N^-^+^) =0{m), (2.37) 

where x is the Euler character of the diagram, which is with ease identified with the Euler character of 
the worldsheet of the string theory. Therefore, the identification — is justified. 

This matrix model is formally identified with the string theory with on the discritized worldsheet by the 
identification of the quantities 

g^e-^, N^e^. (2.38) 

This is an evidence of the belief that string is described by a large N reduced model"'^" . For D <\, bosonic string 
theory is successfully quantized by Distler and Kawai[23] (as is in fact true of superstring theory). And as we 
will see later, the string susceptibility obtained by this matrix model matches the analysis of Distler and Kawai. 
Owing to the work of Distler and Kawai, the matrix model may make a transition from being a mere 'toy model' 
to being a realistic nonperturbative description of string theory. An important remark is that this matrix model 
leaves only the leading order of = N"^^'^^ if we take a limit N ^ oo. This means that only the effect of 
planar Riemann surface (without genus) survives. We have seen a similar situation in large N QCD, in which 
only the effect of planar Feynman diagram survives in large N limit. Although we have hitherto emphasized 
only the random triangulation, this analysis extends to any 'polygonulation' with ease. For example, in order to 
consider the Riemann surfaces approximated by many equilateral squares, we have only to consider the matrix 
model 

Zqft = / d'^^ M exp{--TrM^ + ^TrM^) = X]( — )" f d^' M exp{--TrM^){TrM'^)"- . (2.39) 

n=0 •' 

The n-th power of this action describes the system in which there are n 4-point vertices. This system is of grave 
importance in the analysis of pure gravity by Brezin and Kazakov in the subsequent section. 



2.3 Orthogonal Polynomial Method 

This section is devoted to introducing the method to analyze the above D — dimensional QFT in terms of 
large N matrices. This method plays an essential role in solving this D = matrix model including the effect 
of higher genera, and thus makes the exact solution of this matrix model accessible. We start with the analysis 
of the matrix model 



ZN{g) 



d^'Mexp{-V{M)). 



(2.40) 



Here, we focus on the pure gravity V{M) — i^{TrM^ + j^TrM^). This model is analyzed in terms of the 
eigenvalues {Aj} of the matrix M . The measure is known to be, whose proof we refer to Appendix. IB. II 



N 



d^'M ^WdXi WiXi - XjfdU^j ^YldX^idetXfdUij, 



where X 



( 1 

Ai 
A? 



1 

A2 
^2 



1 \ 

Ajv 



X2 



(2.41) 



Since the integrand depends only on the eigenvalues {A^}, the effect of the integral dVij is trivial. In order to 



solve this matrix model, we introduce a series of orthogonal polynomials {P„(A)} (n 
following two properties. 



0, 1, • • •) which enjoy the 



^''However, note that _D = dimensional QFT is not a reduced model of the fli'^ theory in QFT, because this _D = dimensional 
model does not preserve the properties of the <fi theory in QFT. Remember that the original proposal of large N reduced model l^HI 
1211 . Their proposal, known as Eguchi-Kawai model, preserves the property of the original gauge theory in that the Eguchi-Kawai 
model reproduces the Schwinger-Dyson equation of the gauge theory. 
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• P„(A) is a polynomial of n-th degree, and the coefRcient of the highest power of A is 1. There exists a 

series of coefficients {a„ j} such that P„(A) = A" + X]J=o^ injA-'. 

• These polynomials are orthogonal with respect to the integral 

dAexp(-F(A))P„(A)P„(A) = KS^n- (2.42) 



/ 

J —t 



We call the quantity /i„ 'norm of P„(A)'. 
Vandermonde's determinant is rewritten as 
/I 1 ••• 1 \ 



det 



Ai 
A? 



A2 



V K 



N-l 



A: 



N-l 



N 



A 



A 



JV-l 



det 



^i(Ai) 

P2(Al) 



Pl{\2) 
P2{\2) 



\ Pjv-i(Ai) Piv-i(A2) 



^o(AAr) \ 

Pi{\n) 

P2M 



(2.43) 



JV-l 



(Ajv) / 



Going back to the very definition of the determinant, 



N N 



CTN i=l 



where ctjv(«) is the permutation, we readily obtain 



N-l 



N-l 



Zn{9) = N\\{hi = N\h^ n 



(2.44) 



(2.45) 



1=0 



i=l 



where fk = ^ . We next seek the recursion formula of the orthogonal polynomials. The potential is here an 
even function V{X) = ^(A^ + ;^A^). We consider the expansion AP„(A) = J2i=o '^n,iPiW with c„,„+i = 1. 
Likewise, the other coefficients are given by Cn,i = h^^ (iAe~^(^^P„(A)P,(A). Utilizing these properties and 
the orthogonality of the polynomials, we readily obtain the following relationships. 

• c„ i = for i = 0, 1, • • • n — 2. This is trivial since APt(A) can be expressed by the linear combination of 

Po'(A),Pi(A),---,P„_i(A). 

• cn,n-i = h-\ dAe-^(^)P„(A)(P„(A) + E;Co Cn-1,,P,(A)) = KK\ = /„. 

• Cn,n = because the potential V{\) is an even function, whereas A(P„(A))^ is an odd function. 
Therefore, we have succeeded in deriving the recursion formula 

AP„(A) = P„+i(A) + /„P„_i(A). (2.46) 

Having obtained this relationship, we finally obtain the relationship amang the coefficients {/i}. The integration 
I = g-V"(A) '^^2^^ \Pn{\) can be evaluated in two ways. 

• First, we consider the fact that 



A 



dPn{\) 

dX 



n-l 



A(nA"-^ + J2 "■n,jjX^~'^) = nA" + ■ 



The above integral is readily given by X = nh„. 

• The other way is to perform a partial integration. Here, we exploit an explicit form V'(A) = ^(A^ 
Then, the integral in question is 



f 

J — ( 



a!P„(A) 



dV{\) _ A _L 



n-l 



fr 



f 

J — ( 



e-^(^)^P„(A)P„_i(A). 



Exploiting the fact that ' = ^ + ^ , this integral is finally evaluated as 



1 2 

9 gN 



f°° 12 

/„ / dAP„(A)A2(P„(A) + /„_iP„_i(A)) = • • • = -fnhn + ^fnhn{fn-l + fn + fn+l)- 

J —00 9 9^^ 
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Combining these two results, we finally obtain a recursion formula 

gn^fn + ^Mfn-l+fn + fn+l). (2.47) 

2.3.1 Analysis of the Planar Limit 

Our next job is to solve the recursion formula H2.47|l . For simplicity, we first consider the planar {N — > oo) 
limit. We approximate the series {fk} by a continuous function 

^-/(O, ^-/(e±e), (2.48) 
where £ = jj' and £. = Since we take a limit N ^ oo, we discard the effect of e = This gives 

5e = /(0 + 6/'(e). (2.49) 

We define a new function W(f) near its critical point f ^ fc W{f) = f + 6/^. We consider the saddle point 

VU 

df 

1, 



of the function W{f) : "^^F"* = at / = fc. Defining gc as gc = W{fc), we obtain 



gi^9c + ^W"{mfiO-fcf. (2.50) 

We compare this result with the quantized gravity. As we have explained before, the parameter named 'string 
susceptibility' is defined as (|2.18() . String susceptibility 7 is expressed in the context of Z? = dimensional QFT 
as 

fW-fc-igc-g^-''- (2.51) 

The agreement of H2.51II with the very definition (|2.18|l can be verified by reflecting the correspondence between 
the matrix model and the string theory on the discritized worldsheet. Here, we have approximated the worldsheet 
by many equilateral square, because we are now considering the potential V{X) — + ■^•^^)- The area of 

the worldsheet is obviously 

A — (area of the worldsheet) = (number of square) — n. (2.52) 

On the other hand, the partition function is given by H2.45f) . Taking the logarithm, we can approximate 12.45|l 
by the continuous function 

]^^^]^E(l-l^)l°g/'^~ / rf^(l-01og7(C). (2.53) 

fc=o 



Performing the partial integration, we obtain a following remarkable relationship: 

rf^(i - Oifc + {gc - gO-') - [(1 - 0(5c - <?0"^+']o + d^gc - gO'^^' 



z 

A2 



- igc-g^y^' -J2^'"'i-r - T.^'''(-)^- (2.54) 

«=o 3c gc 

Thus, in order to seek a string susceptibility, we have only to consider the scaling of the function /(^). In this 
case, the behavior of the critical point has been obtained in (|2.50|l . Since r(^) — rc ~ {g£, — gc)"^ ■ The string 
susceptibility is thus 

l = -\- (2.55) 

This is a result of planar [N x 00 and thus only the effect oi h ~ Q survives) limit. Comparing this with the 
result in (|2.19(l |23j . this corresponds to the result D = {] and /i = 0. 
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2.3.2 Analysis of the Nonplanar Behavior 

We next consider the effect of higher genera to solve this matrix model exactly. The essential difference from 
the previous analysis is that we do not discard the term e = We use the function W{r) = r + 6r^, and we 
obtain 

9^^9c + lw"{r,){r{0 - r,)' + HOHi + + " e) " 2r(0) - ffc + ^M^"(rc)(r(0 " r^f + 2e'^2.56) 

Now, we take the double scaling limit iV — > cx) and g Qc- g — gc possesses dimension [length]^, and it is 
convenient to introduce a constant a with dimension length. Then, let 

g — gc = kT"^' a? ■ (2-57) 

And we assume an ansatz 

1 ansatz ^ 

e = — = a2 . 

N 

This is a maneuver to make the parameter k = {g — gc)~^ finite as we take the limit iV — s- cx) and g gc- 
In order to study this relationship, it is more convenient to change the variables as gc — gS, — o?z. For this 
variables, we assume a following scaling ansatz 

f{i)- fc"^-^ au{z). (2.58) 

Then, we obtain a relationship + e) + ^{5^ — e) — 2r(^) ^ ^ '^^^j utilizing — —ga^-^. Then, we 

obtain a nonlinear differential equation for the function u{z) called Painleve equation: 

z = u^{z) + —^. (2.59) 

This equation provides us with a lot of information about the D = dimensional QFT. First, we can obtain 
an exact form of the function /(^) from the solution of Painleve equation. Noting the relationship of the 
relationship of the partition function H2.45|) . this gives an exact form of the partition function of the theory! 
The orthogonal polynomial method plays a splendid role in solving the matrix model as I? = dimensional QFT 
nonperturbatively. This is a great success of the matrix model in solving the string theory nonperturbatively, 
even though this discussion is limited to a very low spacetime dimension. 

Furthermore, the analysis of the string susceptibility via orthogonal polynomial method agrees with the 
result of Distler and Kawai. In order to see this, let us consider the asymptotic solutions of Painleve equation. 
First, we consider the solution of H2.59|l for z ^ oo. This corresponds to the planar behavior because we have 
taken a scaling e = = aa and gc ^ gS, ^ ci^z, and hence a should be a ^ 0. The asymptotic solution is 

u{z) = ^/z, (as z oo). (2.60) 

This makes sense because because substituting this answer into the Painleve equation, z — (y/z)'^ — jz'^i ~ z 
(as z ^ oo). This means that the string susceptibility of the string without any genus is 7 = — ^, from the 
property H2.51|l . We next add a contribution of the subleading term. Let the solution of Painleve equation be 

^t(z) = ^/i+a^^ (2.61) 

Here, it is not the coefficient a but the scaling b that imports. Substituting this answer into Painleve equation, 
we obtain 

z = z + 2azi+'' + a^z^'' - iz^i + ab{b ~ \)z^-'^ . (2.62) 
In order for the equality of the above equation to hold, the scaling parameter b should satisfy 

26 = 6-2, ^ + &--| (2.63) 
Both conditions are satisfied for 6 = — 2. Them the solution including the subleading term is 

u(z) = Vi-iz~^ (2.64) 
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This indicates that the string susceptibiHty for D = and /i = 1 is 7 = 2. Repeating the same procedure, we 
obtain an asymptotic solution 

00 

it(z) = yi(l + ^wftz*), (2.65) 

h=l 

where {u^} is a coefScient. This gives the string susceptibiHty for _D = and all genera of the Riemann surface: 

7-2-^(1-/1). (2.66) 

This agrees with the analysis of Distler and Kawai (|2.19l) . This striking agreement of the string susceptibility 
further solidifies the confidence that the nonperturbative behavior of string theory is described by matrix model. 

2.4 Summary 

We would like to conclude this section by summarizing the argument in this section. 

• Distler and Kawai succeeded in the quantization of both bosonic string and superstring for D < \. And 
they computed a parameter 'string susceptibility' for all genera of the worldsheet. 

• The proposal that string should be described by matrix model was first given by F. David. He discritized 
the worldsheet of bosonic string theory into many polygons, and related the discritized theory with a 
matrix model describing dimensional QFT. 

• Brezin and Kazakov solved the dimensional QFT via orthogonal polynomial method. Their answer 
describes the effects of higher genera of the worldsheet, and the string susceptibility for D = agrees with 
the results of Distler and Kawai. 

These series of works are of historical importance in that they are the canons of the belief that matrix theory 
is the Ariadne's thread to 'Theory of Everything'. 

3 The brief review of IKKT Model 

In the late 1990's, several proposals for 'Theory of Everything' have been given, reflecting the progress of the 
research of superstring theory. The belief that the nonperturbative behavior of string should be described by 
matrix theory has given three major proposals - BFSS model IKKT model 5^ and matrix string theory 
These proposals are the dimensional reduction oi M — 1 SYM into 1, and 2 dimensions respectively. Among 
them, the most successful proposal is IKKT model, and this section is devoted to the review of IKKT model. 

3.1 Definition and Symmetry of IKKT model 

Inspired by the discovery of BFSS conjecture, Ishibashi, Kawai, Kitazawa and Tsuchiya proposed a matrix 
theory described by the dimensional reduction of A/" = 1 10 dimensional SYM. This is IKKT model, whose 
action is 

9 9 

^ = "^^"^1 ^[^"^^■][^^'^'] + ^ ^ ^r^A,,^]). (3.1) 

• Ai are N x N Hermitian matrices, and these are 10 dimensional vectors. 

• V' are also N x N Hermitian matrices, and these are 10 dimensional Majorana-Weyl 16 spinors. 

• Throughout this paper, the indices ■ ■ ■ refer to 10 dimensions, while /i, j^, • • • refer to 11 dimensions. 
And the trace Tr is for N x N matrices in large N reduced model. 

• This matrix theory manifestly possesses 5*0(9, 1) Lorentz symmetry and SU{N) gauge symmetry. 

• This theory has no free parameter. The only parameter g is absorbed into the fields by the rescaling 
Ai — > Ai and '0 — > 



15 



This matrix theory has another name - IIB matrix theory -, because this theory is deeply related with type 
IIB superstring. There are several reasons to speculate that this model is a constructive definition of type IIB 
superstring, and one of these aspects is that this matrix model is the same as the matrix reguralization of the 
Schild action of type IIB superstring. First, let us introduce Green-Schwarz action of type IIB superstring, 
whose derivation we refer to [27| ■ We introduce a superspace ior J\f — 2 superspace 

Z*^ = (X*,6|i",6|2"), (3.2) 

where X* are 10 dimensional vectors while two spinors 6'^'^" are each 16 Majorana Weyl spinors for 10 di- 
mensional spacetime (therefore, in total we have 32 spinors). For this superspace, the SUSY transformation is 
defined as 

5sX' = le^re^ - ie^re^, SsO^^^ = t^-^. (3.3) 

The following quantities are SUSY invariant : 

= daX' - ie^rda9^ + ie'^rOae^, n^-^" = daO^'^". (3.4) 

The trouble is that the degree of freedom for fermions are much larger that that of bosons, the former being 
16 X 2 = 32, the latter being 11 — 2 — 1 + 8. The maneuver to remedy this situation is to introduce Wess-Zumino 
term, whose explanation we owe to j27| . This maneuver is possible only for 

D — (dimensions of spacetime) — 3, 4, 6, 10. (3-5) 

Then, the action should have another symmetry called k symmetry 

S^X' = ie^ra^ - iPra^, SJ^'^ = a^-^, (3.6) 

where 



ai = (l + f)«;i, a2 = (l-f)«2, f ^ ^, ^ e^^n^.n^.F,,, M = det(e"''n;n^J, (3.7) 



1 

2!^7^^ 

eoi = +1 (hence = -1 ) • (3.8) 



The action constructed to have these symmetry is the Green Schwarz form of the superstring possessing J\f — 2 
symmetry: 

Sgs j d^(7[V^ + ie'''daX\9^rM + O^TM) + e''''{9^rda9'){e^T,dbe% (3.9) 

Type IIB superstring is defined so that the chirality of two spinors are the same, and we set 9^ = 9^ = i/j. 
The action is rewritten as 



T / d^a{V^+2ie'"'daX'^T,db^j), (3.10) 



where m = det(mat) = det{daX''dbXi). This action is TV = 2 SUSY invariant provided we redefine the SUSY 
by mixing the original SUSY with k symmetry. The new SUSY is 

69^'^ ^Ss9^'^ +6^9^'^ 6X' ^SsX' + S^X\ (3.11) 



where we choose k symmetry to be ki = —^-^r^, K2 — ^'^ ■ Then, setting the SUSY parameter as 



2 ' 2 

we can express the M —2 SUSY of the Green-Schwarz action as follows: 



(3.12) 



^(1)^ ^ i^/Z^^^^-rUg, (5(i)x* = 4ieFV, (3.13) 



2 

5f'^ii} = i, 6f^X'^G, (3.14) 
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where rrnj = e°'^daXidbXj. 

Our next job is to rewrite this Green-Schwarz action into Schild form. Defining gab as the metric of the 
worldsheet, and the Poisson bracket as {X, Y} = -^e'^^daXdbY , this action is rewritten as 

Ssh = J d^a[^a{^{X\Y'y~'-^r{X,,i,})+p^. (3.15) 

This action is proven to be equivalent to the Green-Schwarz form of type IIB superstring. The Af = 2 SUSY of 
this Schild action is 



J^^V = -^m^r^e, S^^^X'^ieV^, (3.16) 
S^^P^^, S^X' = 0. (3.17) 



We perform a procedure called 'matrix regularization', whose detailed explanation we again owe to [27) . This 
procedure is, simply speaking, the mapping from the Poisson bracket to the commutator of large N matrices 

Tr^ J d?a^. (3.18) 

The functions X* are now mapped into the N x N matrices A*, and we obtain the action similar to the original 
proposal of IKKT model : 

S = -a{^Tr[A,,Aj][A\A^] + ^Tr{i:r[A, m + pTrl. (3.19) 

By dropping the term /3Trl and setting a = p-; we reproduce the action of IKKT model H3.1|l . In this sence, it 
can be fairly said that IKKT model is a concept related to type IIB superstring theory. And wc speculate that 
the matrix regularization of type IIB superstring theory is the constructive definition of type IIB superstring. 

Now, let us have a careful look at the SUSY of IKKT model. We have formulated the SUSY of Schild 
action of type IIB superstring. In IKKT model we consider that the matrix-regularized version of that SUSY 
is inherited. The TV = 2 SUSY of IKKT model is then distinguished by 

• homogeneous: i5e"^V = ^jjr^-'e, S'^f^^ Ai — ilT . 

The feature of the 'homogeneous SUSY' is that this SUSY transformation depends on the matter fields 
Ai and ^jj. And this SUSY transformation vanishes if there is no matter field. 

• inhomogeneous: (5^ V = M.^ = 0. 

The feature of the 'inhomogeneous SUSY' is that the translation survives without the matter fields. 

The commutators of these SUSY's give the following important results: 

(1) [4i),4i)]A, = 0, [5W,5W]^ = 0, (3.20) 

(2) [4f,4f]A, = 0, [4f,4f]=0, (3.21) 

(3) [5^^\5f]A,^^zeT,i, [<5(i), V = 0. (3.22) 

(Proof) These properties can be verified by taking the difference of the two SUSY transformations. 

1. This is the most complicated to compute. For the gauge field, we should consider the following transformation 

A, A,+ie2r,V^-^' A, + z(ei + e2)r,V-^e2r4A„Afc]r^''=ei, (3.23) 

A, A,+ieiV,i;d A, + i{li + e2)T,^-hj:,[A,,Ak]V't2. (3.24) 

Then, the commutator is 

= -ie-2r,[A„^fc]r^'=ei + ]^e^T,[A,,Ak\V^^e2. (3.25) 
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^r[A,,^]=0. (3.31) 



Utilizing the formula FT-''' = T'^'' + rfV^- 77**^r^(for a general property, see Appendix. IA.2.3|I and the 
properties of the fermions in Appendix. IA.2.41 . we obtain 

[<5«,4i)]A, = 2l^T^e2[A,,Ak]. (3.26) 

For the fermions, we have only to repeat the similar procedure: 

^ a ^ + -[A,^Aj]r^e2 ^ i> + -[A,Aj]r^ei+e2)~[A,e^rji;]r^e2, (3.27) 

^ 14 ^+'_[A,^Aj]r^ei ^ ij + ^[A,Aj]r^e,+e2)-[A,e2r,^P]r'ei. (3.28) 
Using the formula of Fierz transformation, 

eir.Vr'^ez = eireaV- " ^eir^'eaFfcrV - j^^eir''' -''' e2Tk,...k.X^ + (rank 3 term), (3.29) 
whose proof we present in Appendix lA.2.61 we verify that the commutator of SUSY transformation is 

[Sil\Sil^]i, = 2[i:,eire2A,]. (3.30) 
We explain some tips in arriving at the result p.30|l . 

• The rank 3 term of 1)3. 29|) does not contribute because the fermions £1,62 are Majorana ones and hence 
the difference eiT^^'^e2 — e2T'^-'^ei cancels due to the property presented in Appendix. IA.2.41 

• We discern that the second and third terms of the Fierz transformation p.29|) with the help of the 
equation of motion of IKKT model: id est, the SUSY transformation p. 20(1 hold true only on shell. We 
utilize the equation of motion 

^ - -_i 

d%l) g 

The second and third terms of 1)3.29(1 drops because this is proportional to the commutator r'[74i,?/']. 

Next, we note that the commutators of SUSY transformation 1)3.26)1 and 1)3.30)1 vanish up to the gauge 
transformation. The gauge transformation of IKKT model is to multiply the unitary matrix a e U{N). The 
gauge transformation is expressed in the infinitesimal form as follows : 

Ai.i! ^ A, + i[Ai,a], + (3.32) 

The SUSY transformation ()3.2b)) and 1)3.30)) can be gauged away by the gauge parameter a = 2eir'^e2^fe- VVe 
now complete the proof of p. 20)) up to the gauge transformation. 

2. This is trivial because the SUSY 5^ involves only a constant. 

3. This can be proven by taking the difference of these two transformations 

A, ^ A^ ^ A^ + ilTiil:, whereas Ai ^ Ai + ieT^ip ^ Ai + ieT^{i} + ^), (3.33) 

if 5(1) i i 5^' i 

^ ^ ^ + ^^^ + ^+ -r^ [A,Aj]e, whereas ^ ^ 7/^ + -V'^ [A,A,]e ^ V + ^ + 2^'-' [A,A,]e. 

This completes the proof of the commutation relation of the SUSY transformation. (Q.E.D.) 

We take a hnear combination of the SUSY transformation to diagonalize the SUSY transformation 

= j(l)+5(2)^ ^(2) ^,(^(1)_5(2))^ (3 34) 

We obtain a following TV = 2 SUSY algebra 

= [SP,~Sf]i^ = [SP,Sf]i^ - 0, (3.35) 
[S^'\~S^l^]A, = [6i'\~sf]A, = ~2ieT,^, [SP,Sf]A, = 0. (3.36) 
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We regard the SUSY ^(1) and J^^) 

fundamental SUSY transformation. We now confirm that these fundamen- 
tal SUSY transformations actually satisfy Haag-Lopuszanski-Sohnius extension of Coleman-Mandula theorem, 
in which the supercharges must satisfy 

{Q.,QA^P^, [P.,Q.] = 0(fora; = l,2), (3.37) 

where Pi is an operator for the translation of the bosonic vector fields. We verify these statements (|3.37|l one 
by one, for the Af = 2 SUSY transformation of IKKT model. 

The former statement {Qx,Qx} = Pi is readily read off from the commutation relation (|3.3t)|) . Let the 
supercharge Qi be the SUSY transformation Qxi^) = si^'' ■ Then, the relation (|3.3t)|) means 

[Qx{^), QxiO] ~ ~2ieTi^ — (translation of the bosonic field). (3.38) 

The anti-commutator in (|3.37() is replaced with the commutator because the SUSY parameters are Grassmann 
odd quantities. This indicates that the commutator of the supercharge translates the bosonic vector fields by 
tti = —2i£Ti^, and thus we have confirmed the first statement of Haag-Lopuszanski-Sohnius theorem. 

The latter statement [Pi, Q] = is trivial. Since the fundamental SUSY transformations are expressed by the 
linear combinations of 5^^^ and S^'^\ we have only to compute the commutation relation between the translation 
Pi and the SUSY transformations 5'^'^\5^^\ 

• First, we verify the commutation relation [Pi,(5*^^^] = 0. This can be verified by taking the difference of 
the two paths for both matter fields and the fermionic fields. 

Pi "5^' - "5^' - Pi 

■k Ai Ai + Qi ^ Ai + Gi + ieTiip, whereas Ai Ai + ieTitjj Ai + ai + ieTiip. 
-k ip ^ ip i/j , whereas ip ^ ip. 

These indicate that the commutator [fi,(5^^^] vanishes both for the bosons and the fermions. 

• The second commutation relation [Pi, S^^''] = is also verified in the same fashion. 

s^/> if) 
7k- Ai ^ Ai + ai ^ Ai + ai , whereas Ai ^ Ai + ai Ai + ai. 

^ ^P^^j ^, + i[A„ Aj]r'^, whereas V + ^[A, Aj]r^ ^ ^/j + ^[A^Aj]^^. 

This, although trivial, completes the proof of the statement [Pi, Q] — 0. 

The important point is that the SUSY transformation (|3.36() triggers the interpretation of the spacetime as 
being a part of the degrees of freedom of the large N matrices. IKKT model is a 0-dimensional quantum field 
theory, but the 10-dimensional spacetime emerges from the eigenvalues of the bosonic matrices A^. In other 
words, suppose that 

(^^1 7 "* I ■ ■ ■ 1 '') (3.39) 

are the eigenvalues of A^^. Then, the distribution of the points a;'-"^ = (xg"'' , a;^""*, • • • , Xg"'') constitutes the 
10-dimensional spacetime. Under this interpretation, the transformation H3.36|l generates the shift of this new 
spacetime by —2ieTi^ in the i-th direction. 

We have argued that IKKT model shares Af — 2 SUSY with type IIB superstring. This is a crucial property 
for the theory to contain gravity. If this theory includes massless spectrum, this theory must contain spin 
2 particles - graviton. And this is the very reason why we had to reduce the 10-dimensional, not the 4 or 
6- dimensional, A/" = 1 SYM theory. Otherwise, this theory would not have the maximal 32 SUSY^^ and thus 
could not be a theory of gravity. 

It is known that IKKT model induces IIB supergravity by one-loop effects. Computing the effective La- 
grangian around the 10 dimensional background, we see the effects of graviton exchange, however we omit the 
computation in this review. 

As we have explained in detail, the reduced model incorporates the inhomogeneous SUSY as well as the homogeneous SUSY 
which is the dimensional reduction of the original SYM theory, and thus the SUSY parameter doubles that of the original SYM 
theory. 
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Figure 5: In IKKT model, the spacetimes are interpreted as the distribution of the eigenvalue of the bosonic 
matrices. 

3.2 Description of Many-Body system 

We now have a look at the aspects of IKKT model as a many-body system. We have argued that the matters 
are described by the bosonic N x N matrices Ai . The amazing fact is that these large N matrices can describe 
not only one-string effect but also multi-string effect. We concentrate on the simplest case - classical static 
Dl-branes. We consider the classical equation of motion(EOM) of IKKT model, and hence we set the fermionic 
fields to be V' = 0. Since the action 1)3. l|l does not contain a kinetic term for Ai, the EOM is 

[A,,[A\A^]]=0. (3.40) 

Likewise, the EOM of Schild action of type IIB superstring is {Xi,{X\X^}} — 0. In terms of type IIB 
superstring, the solution of this EOM representing one Dl-brane is 

X° = Tt, X^ = —a, X^ ^ ■ ■ ■ X^ ^ 0, (3.41) 
27r 

where T and L are the compactification radii of and X^ directions respectively. The parameters t and a 
take values < r < 1 and < cr < 2%. Therefore, the Poisson bracket is computed to be 

{X'>, X'} - eOi9o^°9iXi = £01— = - — . (3.42) 

27r 27r 

Translating this relation into the language of large N matrices, we want matrices which satisfy 

TT TT 
- ^[Ao, Ai] = ^ ^ {Xo, X,} = (-1){X0, X'}^—. (3.43) 

Such a commutation relation is impossible if the size of the matrix N is finite (this can be immediately seen by 
noting the cyclic property of trace Tr) , however taking the large N limit we obtain a following solution 

^0 = -i^q, M = -^=P, (3.44) 
V2^ ^/2^ 

where q and p are infinite size matrices satisfying the commutation relation [q,p\ ~ +«. 

Likewise, we express multi-string states by the matrix theory, we consider the following two cases. These 
systems are expressed in terms of the Schild type IIB superstring as 

^(l)O^y^(l) jj^(2)0 ^ y^(2) ^ f (1)0 ^ 2.^(1) j^(2)0^y^(2) 

{a){ x(^n=L_^(i) = I (6) J x(i)i = A^W X(2)i = -A^(2) y (3.45) 

We likewise translate these systems into the language of matrix theory by means of matrix regularization. Using 
two independent pairs of matrices satisfying canonical commutation relation 

[q,p] = +i, [q',p'] = +t, (3.46) 
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Figure 6: (a)I?l — Dl brane system. (b)Dl — Dl brane system. 



these two systems are described by block-diagonal matrices. 

{a)Ao =( )^Po, A,^( _^ )^pu A.2=( I ) ^ P2, (3.47) 

\ " 27™'' / \ " 27™" / V ^ 2 / 

mo = ( ) ^Po, A,= ( )^p,, A2^( I ) ^P2, (3.48) 

where n is a size of matrices p, q,p' , q' satisfying canonical commutation relation (|3.46|) . hence n should be large 
enough. We have now scratched a beautiful aspect of IKKT model - the matrices Ai in this matrix theory can 
describe many-body system by taking block-diagonal matrices like the above-mentioned example. Extending 
this idea, many-body systems can be embedded in one large TV matrix. In this sense, IKKT model can be said 
to be a second quantization of superstring theory. 

We have now seen the description of many-body system, in which multi-string states can be described by a 
block-diagonal matrix. This system does not include any interaction of each object. Then, how can we consider 
the interaction in this matrix model? The answer to this question lies in the off-diagonal part of the matrices. 
Here, we just sketch the idea of computing the interactions, and we leave the thorough explanation to |S] or 




No interaction Interaction 



Figure 7: (a)Thc block diagonal matrices multi-string state including no interaction. (b)The off-diagonal part 
describes the interactions of multi-string states. 

[?7j . As depicted by Fig. [3 the off-diagonal part plays an essential role in the interaction. We give an example 
only for the simplest case - Dl — Dl brane and Dl — Dl brane system. We separate the matrix Ai and ip into 
the background and the quantum fluctuation 

A,=p,+a„ V = X + 0, (3.49) 

Pi and X being the background, and a.; and being the quantum fluctuations. The action l|3.1|l is expanded up 
to the second order of the quantum fluctuations, 

S2 = -Tr{^[p^,pA[p\p'] + lx[P^,x]-aJ{[p^, [p\]^]] + l[xr\x])+i'T^[p^,<l>] 

+ \[P^, aj][p\ a^] - ^[p^, a'][pj,a^ + [p„p,[a\a^] + ^^r[p„ 0] + xr'[a„ 0]. (3.50) 
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To fix the gauge invariance (|H.H2|I . we must add a gauge fixing term 

Sg.f. - -Tr{^[p.,a%p,,a^] + [p.,b][p\ c]). (3.51) 
The one-loop effective potential is given by the following path integral 

W = -log J dad(l}dbdcexp{^{S2 + Sg.f.)) (3.52) 

= ^Tr\og{P^S,, - 2zF,,) - \Trlog{{P', + lF,,r^)(i±l!) - rrlog(p2) + ,e, 

where PiX = [pi,X], FijX — [fij,X] — [[pi,pj], X] and 9 is an anomaly term which vanishes in these simplest 
cases. We skip the process to compute the interaction, and give only a result. 

• For Dl — Dl brane system, this effective potential is = 0, id est, there is no interaction between these 
two Dl branes. This is a natural result because the background Dl — Dl system is supersymmetric, hence 
a stable system. 



For Dl — Dl brane system, the leading term of the effective potential is W oc b ^. This result agrees with 
the interaction of Dl — Dl brane in type IIB superstring theory. 



This argument indicates that IKKT model succeeds in reproducing the interaction of Dl — Dl brane system. 
This result solidifies the belief that IKKT model is a constructive definition of type IIB superstring. 

3.3 Noncommutative Yang-Mills(NCYM) in IKKT model 

An important discovery in IKKT model is that this theory naturally induces noncommutative Yang- Mills theory 
by a simple mapping rule. The research of noncommutative Yang-Mills has recently become popular. We start 
with the idea of noncommutative SDace|ll2j. A noncommutative space refers to a space defined by 

[x\x^]^ie'\ (3.53) 

where 9^^ is an antisymmetric quantity called 'noncommutative parameter'. What is the meaning of the re- 
lation H3.53|l ? Note that the right-hand side is pure imaginary. This relation is reminiscent of the canonical 
commutation relation of the space coordinate and the momentum: [q,p\ = [q,—ih-^] — +ih (usually we adopt 
a God-given unit, and set h = 1). This canonical commutation relation causes the uncertainty relation between 
the space coordinate and its canonical momentum (Ag)(Ap) > |^ The same idea is inherited in the non- 
commutative geometry. The commutation relation H3.53|l indicates the uncertainty relation between the space 
coordinates. This relation is a fundamental formula of Hhe quantization of a space'. Utilizing the analogy of 
quantum mechanics, the physics of this space regards the coordinates as operators. 

The noncommutativity of the space naturally emerges in superstring theory only by turning on B field |12j . 
This discovery is attractive because the understanding of such a difficult spacetime can be achieved with ease 
through superstring theory. According to the paper for the string theory with NS B field, the commutation 
relation H3.53|l is satisfied with the noncommutative parameter 

9'^ = 2W( ^-^)a = -(2W)2( ^-—-B 7^)'^ (3.54) 

which means that the coordinates possess the uncertainty 

{Ax.){Axj) > ^\0^^\ ^ 0{a') = 0{ll). (3.55) 

The effect of the noncommutative space can be seen only if we consider the length scale as microscopic as the 
string length 0{ls) . This noncommutative theory is described by replacing the naive product of two operators 
with Moyal product 

a{x)*biy)^eM^O''Q^Hx + my + r])k=v=o- (3-56) 



'^^This relation is readily extended to any hermitian operators. We take two hermitian operators A and B and a real number 
a. Then we exploit the inequality f{a) = J^^ (i<*xl(i - iaB)ip\'^ = {{A + iaB){A - iaB)) = a^{B^) - ia{[A, B]) + (A^) > 0. 
This means that the equation of 2nd degree /(a) = never has two different real solutions. Taking the discriminant, we obtain 
(Ai)(AB)> iK[i,B]>|. 
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This technique is attractive in that it enables us to deal with the noncommutative field with the same ease as 
in the ordinary(comniutative) fields. 

Aoki, Ishibashi, Iso, Kawai, Kitazawa and Tada ITT] pointed out that IKKT model naturally includes the 
noncommutative Yang-Mills (NCYM) theory. This result is not surprising, because a matrix is by nature a 
noncommutative object. The classical EOM of IKKT model H3.1|l is expressed by (|3.4UII . We pick up a set of 
classical solutions which satisfies 

[pi.Pj] = iBij, (3.57) 

where Bij are c-numbers (therefore, it is trivial that this solution H3.57|l satisfies (|3.40|) '). Of course this com- 
mutation relation cannot be satisfied for the finite size of the matrices N , however it is possible to approximate 
this solution by matrices whose size N is large enough. Let d be the rank of the matrices Bij. And we separate 
the matrices Ai between the classical solution and its quantum fluctuation Ai — pi + di. We perform Fourier 
transformation on the quantum fluctuation 

a, ^Y.d,{k)eMiC''hpj), i, = ^V;(A:)exp(zC"^A:,p,), (3.58) 

k k 

where C*-' is an inverse matrix of _By (id est, C"'^ Bj^. —61.). Because the matrices are hermitian, we require 
that d*{k) = d{—k) and 'ip*{k) — tp{~k). Note that there is no classical part of the fermion because -0 = in 
the classical solution. In order to gain insight into the correspondence between the matrix model and NCYM, 
we put together several properties of this Fourier transformation. 

Let us first consider the product of the Fourier transformation of two matrices di — di{k) exp{iC''™' kipm) 
and bj = 6j(fc) exp(iC'™fc;pm). Utilizing Baker-Campbell-IIausdorfT(BCII) formula e'^e^ ~ cxp{A + B + 
^[A, B]- ■ ■), we obtain 

dibj = ^ di{k)bj{l) expiiC'^krPs) expiiC^'^ltPu) = ^ di[k)bj{l) exp(iC"''*(fcr + lr)Ps + —C'^C^'^krltiBsu) 

k,l k,l 

= ^a,(fc)6j(/)exp(iC"(fc, + lr)ps + ^C'-^C*"fc,Zti(-B„,)) 

k,l 

= ^d,{k)bj(l)exp{iC'''{kr + lr)Ps + ^C'''krls). (3.59) 
kd 

Next we consider the trace of this matrix theory in the simplest case : 2 dimensional system. In this system, 

/ Q \ / B^^ \ 

the noncommutative parameter is Bij f ^ ) '■^^^'^^ ~ ( 5-1 q )•'■ ^'^'^ ^"^^ classical 

solution be the canonical pairs po — Q ^^nd pi — p such that [q,p\ — +i. Then we obtain, utilizing BCH formula, 
Tr exp{iC^-' kiPj) ~ Trexp{iB^^{kop— kiq)) = J dq(q\exp{ikopB~^) exp{—ikiqB^^) exp{ikQkiB~^)\q) 

= 2TTB5{ko)S{ki) = (27r)2-!-Vdet B5{ko)6{ki). (3.60) 

def 

Lastly let us see the effect of the adjoint operator P^o — [pi,d]. This acts on di as 

P,dj = [p,, Oj] ^ dj{k)\p,, exp(iC'™fc;p™)] = ^ k.dj <sx-p{i&"^kip^). (3.61) 

k k 

Having these results H3.59|l . (|3.6()|l and (|3.6H) in mind, we consider the mapping rule which transforms IKKT 
into NCYM. The key to this crucial relationship is very simple: 

a,(IKKT) ^ a,{x) = ^ ^^(fc) exp(iA:jxJ)(NCYM). (3.62) 

k 

• This is a mapping from a, N x N matrix to a c-number function. As we shall see later, this is a mapping 
into U{1) NCYM theory. 
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• The relationship H3.59|l indicates that the product of matrices is mapped into Moyal product in the 
language of NCYM, 

Gibj ^ ai{x)-kbj{x) = e^p{^—-^^^^--^)a,{x + ^)bj{x + r])\^^r,=o. (3.63) 

This relationship has a profound significance, in that the residual phase factor in BCH formula induces the 
noncommutativity of the space in the mapped world. This is the very reason why we regard the mapped 
world as the noncommutative spacetime. 

• The relationship l|3.60(l indicates that the trace oi N x N matrices is translated into the integration over 
the spacetime, 



Tr{d^)^VdetB{ — )^ d'^xa{x), (3.64) 
2vr J 

where d is the rank of the matrix Bij , which equals to the spacetime dimensions of the mapped world. 

• The relationship (|3.61(l indicates that the adjoint operator Pi is interpreted as a differential operator in 
the world of d dimensional NCYM theory: 

PiCLji^ [Pi.dj]) ^ -idi. (3.65) 

Therefore, the commutator with the matrices of IKKT model Ai is translated into the covariant derivative: 

def 

[Ai,d] = [pi + di, o] =^ Dio{x) — —idio{x) + ai{x) * o{x) — o(a;)*ai(x). (3.66) 
Especially, the commutator with two covariant derivative is a field strength 

[Ai, Aj] =^ -i{diaj{x) - djai{x)) + [ai{x), 0^(2;)]* = Fij. (3.67) 

• This mapping rule induces the coordinate from the momentum in IKKT model. Having a careful look at 
the mapping rule (|3.62|) . the coordinate in NCYM is produced from the IKKT model: 

C'^Pj ^ x\ (3.68) 

This correspondence possesses a profound meaning. We have before argued that the noncommutativity 
of the space (|3.53|l is a quantization of the space, just as the commutator of the coordinate and the 
momentum is nonzero in ordinary quantum mechanics. That the coordinate is naturally induced from 
the momentum strongly solidifies the correspondence between the ordinary quantum mechanics and the 
noncommutative geometry as the quantization of spacetime. 

These are the profound features of the simple mapping rule (|3.62() . Note that the long wavelength^^ excita- 
tions |fc| <C A (A refers to the spacing of the quanta) are commutative, again utilizing BCH formula. 



[ai,aj\ 



^a,{k)bj{l)[exp{iC''''kr,Ps),exp{iC*"ltPu)] 

k,l 

J2a^{k)a,{l) cxpiiC^'ikr + Z.)p,)(exp(^C'^^C*"fc,/,iB,„) - exp(^C''^C*"fc,l,zB„,)) 

k,l 

2i^ d,{k)aj (l) expiiC^" {kr + lr)Ps) sini^C^" krh). (3.69) 



fc,; 



The low energy limit |fc| ^ A is regarded as the semiclassical limit of the space a:* = C'^^pj. Then, IKKT model 
is (when the rank of Bij is d), mapped into d dimensional NCYM theory 

^^Tr{^[A,,A,][A\A^] + lmA^,^]) 
^ ^^-Vd^i^)^ J d'^x^i^FabF'''^ + ^[Da,ap][D^,af] + ^[ap,a^][a'',a^] 
+ h^pT-[Da,^P]+^prP[ap,m*- (3.70) 



^^hence low energy, noting the relationship E < 



wave length 
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• The resulting NCYM theory possesses a gauge group U{1) because the matrix in IKKT model is mapped 
into functions. The Yang-Mills coupling is now gvM = .9^(^)^- 

• The indices a,b, ■ ■ ■ run over d dimensional spacetime in the mapped NCYM theory. As we have before 

def 

remarked, the commutator of the covariant derivative is a field strength Fab = [Da, 

• The indices p, x, • • • here runs the transverse dimensions. In this residual dimension, there is no differen- 
tiation with respect to the field, and hence Dp — ap, where we have replaced Op — *■ ap. 

In order to extend this result to NCYM theory with gauge group U (m) , we have only to map the matrices 
in IKKT model into mx m matrices. The argument is totally parallel to the U{1) case, and we replace element 
of pi with 

Pi^Pi<8)lm- (3.71) 

The Fourier decomposition is similar to the U{\) case: 

«^ = E°'(^)mx™exp(zC^^M,), i> = Y.m^^^^M^C^'hp,). (3.72) 

k k 

The difference is that ai{k) and ^{k) are now m x m matrices (from now on we omit mxm)- Therefore, the 
mapping rule is 

ai(e Mnxn) ^ adx) = '^di{k) exp{ikjX^)ie Mmxm), (3.73) 

fc 

where Mjsixn is a set oi N x N matrices. The resulting NCYM theory is similar to H3.7UII . except that the 
mapped theory is with respect to U (m) matrices, and hence the theory is non-abelian. 

3.4 Summary 

We have seen many beautiful properties of IKKT model. 

• IKKT model is defined as the dimensional reduction oi Af — 1 10 dimensional SYM theory. And this 
theory is the same as the matrix regularization of the Schild form of type IIB superstring theory. 

• IKKT model possesses no free parameter. The coupling constant can be absorbed into the field by the 
rescaling Ai ^ g^Ai and ip g^ip- 

• IKKT model possesses JV = 2 supersymmetry, which is one of the essential properties of type IIB super- 
string. This indicates that the theory should include spin 2 gravitons if this theory has massless particles. 

• IKKT model has an ability to describe many-body system only by one set of the matrices Ai. We 
have scratched the simplest case - how to describe Dl-brane or anti-Dl-brane. The computation of the 
interaction of Dl — Dl brane based on this matrix theory beautifully reproduces the result of type IIB 
superstring theory. 

• IKKT model naturally induces NCYM theory by a simple mapping from a momentum in IKKT to a 
coordinate NCYM, = C^^pj. This strongly serves to solidify the correspondence between quantum 
mechanics and the noncommutative geometry as the quantization of spacetime. 

There are other exciting properties of IKKT model. We list up some of the properties, but we omit the 
explanation. 

• Schwinger-Dyson equation of the action of IKKT model induces the light-cone string field theory of type 
IIB superstring theory. 

• Utilizing the analogy of branched polymer, it is possible to gain insight into how to induce our 4 dimensional 
world. We consider the branched polymer as the simplified model of the effective action of the spacetime 
points. The Hausdorff dimension of the branched polymer point is known to be 4. 

IKKT is a successful proposal for the constructive definition of superstring, and possesses many exciting 
properties, which solidifies the confidence that it is a constructive definition. 
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4 osp{l\32,R) Cubic Matrix Model 

We have reviewed the successful aspects of the attempt to describe superstring theory in terms of matrix theory, 
and IKKT model indicates many promising aspects to be regarded as 'Theory of Everything'. Yet it is worth 
while to pursue a model exceeding IKKT model. L. Smolin presented a new approach to describe M-theory 
based on a simple matrix model This theory describes a dynamics of a matrix which is built from the 

super Lie algebra osp(l|32, R). The action of this model, suggested by L. Smolin is described by a simple cubic 
action, as we discuss later in detail. There are several reasons we regard this model as attractive. 

The action suggested by L. Smolin is extremely simple. The dream of elementary particle physics is to pursue 
a 'Theory of Everything' from which all the phenomena of the whole universe are derived. Once Einstein found 
that the mechanics including the effect of gravity is described by general relativity, and the Lagrangian of this 
theory I — J (fix^R is extremely simple. We have a belief that the 'mother of the whole physical theory' 
should be described by a simple action. The proposal for the constructive definition of superstring theory was 
suggested by Ishibashi, Kawai, Kitazawa and Tsuchiya. This is a dimensional reduction oi M — \ SYM theory, 
and this proposal is described by a simple and beautiful action, even though this proposal was once criticized 
as not as beautiful as general relativity. That the theory exceeding IKKT model may be described by a simple 
action is an attractive proposal, worth pursuing its validity and structure. 

osp( 1 1 32, i?) has been known as the unique maximal simple super Lie algebra with 32 fermionic generators 
|15| . This theory indicates a possibility that this may naturally include the existing matrix models, IKKT model 
or BFSS model. osp{l\32, R) super Lie algebra, expressed in terms of 10 dimensional representation, includes 
two chiral spinors of both opposite chirality(IIA) and the same chirality(IIB). In this sense, we find osp{l\32, R) 
super Lie algebra a natural framework for describing 'Theory of Everything', and we are inclined to speculate 
that L. Smolin's proposal is the clue to the ultimate theory. 

That the theory is expressed by a cubic action possesses a profound significance in two senses. One aspect is 
that the fundamental interaction of superstring theory is a three-point interaction, because four (or more) point 
interaction is identified with three-point interaction by conformal invariance of the Feynman graphs. Thus it is 
a quite natural idea that the 'Theory of Everything' which describes superstring theory comprehensively is a 
cubic matrix theory. The other respect is that cubic action of string theory is identified with a Chern-Simons 




Figure 8: The fundamental interaction of string theory is a cubic one. 

theory if a due compactification is performed. Chern-Simons theory is known to be exactly solvable by means 
of Jones Polynomial in knot theory If we find a correspondence between the cubic matrix model and 

Witten's technique of solving Chern-Simons theory, we may be able to solve exactly the behavior of superstring 
in nonperturbative region, just as Brezin and Kazakov succeeded in solving exactly the bosonic string in 
spacetime dimension via orthogonal polynomial method. 

This theory deals with 11 dimensional spacetime, in terms of the 11 dimensional representation of osp(l|32, R) 
super Lie algebra. And this theory may be able to describe superstring theory in such curved 10 dimensional 
spacetimes as x Rg or AdS^ x S^, a,s well as a flat 10 dimensional spacetime. 

This new proposal for describing superstring theory in terms of a supermatrix theory includes many inter- 
esting possibility, and the investigation of this cubic supermatrix theory is a fascinating issue. 

4.1 Definition of osp{l\32, R) super Lie Algebra 

Before entering the investigation of the superstring action, we settle the definition of a super Lie algebra. A 
super Lie algebra is an algebra of supermatrix in which both bosonic matrices and the fermionic matrices are 
embedded in one matrix. Supermatrices possess many properties different from (ordinary) matrices, and these 
properties and the notations are summarized in detail in Appendix. IA.3I 
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Let us start with the definition of osp{l\32, R) super Lie algebra. 

/ pO n 

Jl, If M e osp(l|32, R), then ^A/G + GM = for G = ( ^ . 

Jit M is traceless with respect to 33 x 33 supermatrix. 
^ M is a real supermatrix in that M* = M. 

We confirm that, for the first condition, osp{l\32, R) forms a closed super Lie algebra. Suppose matrices Mi 
and M2 satisfy the condition 

^MiG + GMi = 0, ^M2G + GM2 = 0. (4.1) 
If osp(l|32, R) is to be a closed super Lie algebra, we call for a following condition 

^([Mi, M2])G + G[Mi, M2] = 0. (4.2) 
Multiplying G^^ on both H4.1|) and H4.2|l from the left, they are respectively rewritten as 

G-i^MfcG + A/fc = 0, (4.3) 

G-i^([Afi, M2])G + [Ml, M2] = 0, (4.4) 

where k — 1,2. The proof that osp(l|32, R) is a closed super Lie algebra is equivalent to deriving (|4.4|l utihzing 
631): 

= [G^i^MaG, G-^'^MiG] + [Mi, M2] ^ [-A/2, -Mi] + [Mi, M2] = 0. (4.5) 

This statement, per se, can be satisfied whatever the matrix G may be so long as G has an inverse matrix. 
Here comes one question: 

/ ro \ 

Why do we define a metric G as G = I ^ j'^ 

This stems from the requirement that M is a real matrix in that AI* = {^My = M. Let us consider the 
consistency between this reality condition and the very definition of osp(l|32,i?) super Lie algebra. Take a 
hermitian conjug ate of the definition ^A/G + GM = 0. This gives 

G^(^M)^ + Af^G^ = 0. (4.6) 

Utilizing the properties introduced in the Appendix. IA.3.31 and the reality condition, this is rewritten as 

= Gt(^Af)t + A/tGt "'<^''>' gHi* + AftGt "''=1^'''^ gHi* + ^(Af*)Gt ^''=^''' GHi + ^AfG^. (4.7) 

In order for the relationship (|4.7|) to be consistent with the very definition of osp(l|32, i?), we must call for a 
condition 

G^ = G. (4.8) 

po 



And the starting point of osp(l|32, R) is well-defined if we take a metric as G 



i 



The next issue is to investigate the explicit form of this super Lie algebra. This is expressed by 

If M e o.sp{l\32), then ^ = ^ ) . (4.9) 

• m contains only the terms of rank 1,2,5. In other words, m is expressed as 



m = u^,r^^ + izi^^^.F^^^^ + iy^^...^^r^--^\ (4.10) 



27 



• Here tp denotes '^''T'^. However, this is equivalent to '^ipT^, because we are now considering a real super 
Lie algebra. 



(Proof) Let M be the element of osp(l|32, i?) and M 



m tp 
id) V 



• (j)\s defined as = i}^T^^ = ^0r" . 

• Because M is a real supermatrix, m, v and if) are real, while i(}> is pure imaginary (and hence is real). 
By substituting this formula into the very definition, we obtain 

We immediately obtain the relationship between two fermionic fields i/; and from this definition: 

^0 + r> = ^r> + rV = -r> + rV = o. (4.11) 

By multiplying on the both hand sides from the left , we obtain the relationship between ijj and 0. We immediately 
note that ^i/iF" — = is equivalent to the equation 1)4.11(1 . 

The constraint on v is trivial, and v must vanish. On the other hand, the constraint on m is worth a careful 
investigation, m is imposed on the constraint 

"^mr" + r"m = 0. (4.12) 

This is the very definition of the Lie algebra called sp(32), and this statement indicates that the bosonic 32 x 32 
matrix of osp(l|32, i?) super Lie algebra must belong to sp(32) Lie algebra. In analyzing this supermatrix theory, it 
is more convenient to decompose the bosonic part m G sp(32) in terms of the basis of arbitrary 32 x 32 matrices 
132x32, r^, r^i^^ r^i^^^a^ - and r^i- -^^ ^ rather than to obey the expression in the paper 13J. Our notation 
of the gamma matrices is introduced in Appendix. lA.ll in detail. The relationship 1)4.12(1 determines what rank of 
the 11 dimensional gamma matrices survive. Suppose m e sp(32) are expressed in terms of the gamma matrices: 



The condition ()4.12() is rewritten as 

m = -(r")-i(^m)r° = r°(^m)r''. (4.14) 
Then, performing the following computation for fc = 0, 1, • • • , 5, 

po^Tp/ii---/ifc -jpo _ (— i)*''^"'"(r*'('^r'^'=)r'^) • • • (r'^("^r'^^)r'^) — (—i)'^~ir'^'''"'^^ 

,11, , feCs-l) , , (fc + 2)(fc-l) 

= (-i)'^-i(-i)^^r^i-^^ = (-1)^ — i — ^r'^i-M-e. (4.15) 

This relationship is rewritten as, separating into two cases, 

• For fc = 1,2,5, there is no sign in (pTTCIl . so that r°(^r''i -^'=)r" = r^i -A"^. 

• For fc = 0,3,4, the sign changes in ijTTsll . so that rO(^r''i- '"= )r° = -r^i -^^ 



where fc is the rank of the gamma matrices. Combining this result with the constraint of sp(32) Lie algebra ()4.14() . 
we can discern that only the gamma matrices of rank 1, 2 and 5 survive. We are thus finished with verifying the 
explicit form of osp(l|32, i?) super Lie algebra. (Q.E.D.) 

Actually this is a 32 X 32 = 1024 dimensional basis, because the dimension of this basis is 1 + nCi + ■ ■ ■ 11C5 = 1 + 11 + 55 + 
165 + 330 + 462 = i(l + 1)" = 1024. 
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4.2 Action of the Cubic Matrix Theory 

In considering the action of a large N reduced model, we promote the component of the super Lie algebra to 
an N X N matrix. L. Smolin suggested a following action of this matrix theory: 

33 32 



— J2 ^^''33x33(M'^M''i^r)Trwxiv(T'^[T^^^]) 



fabc 



Str{M''M''M''). 



(4.16) 
(4.17) 



We explain the meaning of this action in the following remarks. 

• M is a supermatrix belonging to osp{l\32, R) super Lie algebra^^. 



• P, Q, R, ■ ■ ■ are indices running from P,Q,R, 



1, 2, • • • 33, whereas p,q^r^ ■ ■ ■ runs from p, q, r, ■ 



1, 2, • • • 32. These indices represent the 33 x 33 elements of the supermatrices. 

In this matrix model, each c-number component of the osp(l|32, R) super Lie algebra is promoted to the 
elements of su{N) Lie algebra, whose basic properties we refer to Appendix. I A. 41 This is the same idea 
as IKKT model, and we depict the way these hermitian N x N are embedded in the matrix model in Fig. 

m 



M = 



11 CT,, 

:x ccd 



32 

>blocks 



N 



V 

32 blocks 

Bosonic r Fermionic 

N*N matrix G3J N*N matrix 



Figure 9: The way large N matrices are embedded in this matrix model. 

• The commutator in H4.16|l is taken with respect to the N x N matrices, rather than the 33 x 33 superma- 
trices. 

• The traces with respect to 32 x 32 matrices and N x N large matrices are confusing. Throughout in this 
paper we use 

★ Tr as a trace oi N x N large matrices. 

★ tr as a trace of 32 x 32 matrices, and Str as a supertrace of 33 x 33 matrices. 
We do not necessarily write explicitly the size of the matrices. 

Each c- number component is promoted to a hermitian N X N matrix, as we will explain later. 
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• It is often convenient to utilize the representation of color indices of su{N) Lie algebra. Each component 
Mp'^ , now promoted to a x matrix, is expanded by the basis of the generators of SU{N) Lie group 
as follows: 

MpQ ^ {M'')p^T'', (4.18) 

a=l 

where {M°-)p^ are c-number coefficients of the expansion with respect to the generators {T"}- Since 
the commutator is taken with respect to N x N hermitian matrices, it is easy to see that the action is 
rewritten as ()4.1t)|) by the representation of the color indices. And the expression in terms of the structure 
constant is (|1T7|) . noting that T^(T"[^^ T'^]) = |/"''^ 

• This matrix model possesses no free parameter. This property is easier to see than in IKKT model. The 
parameter g is absorbed in the supermatrices M only by the scale redefinition M g^M . 

• It is indispensable to multiply the overall i so that the action should be a real quantity, because Tr(T'^[T^, T"^]) = 
Ijabc^ where the structure constant is a real number. We require the action to be real because of the 
analog of quantum field theory. In considering the quantum field theory in Minkowski space, we usually 
consider the action to be real so that the Hamiltonian of the theory is an hermitian object. 

This model apparently possesses the following pathological properties 13 . The first is that this theory is 
not bounded from above or below. This pathology stems from the fact that the action is cubic, and can be 
seen by a naive field redefinition M MX. The action is rewritten as / = ^TrNy^M{MjP[MQ^ , Mp^\ — 

-^33*^[-Mq^, Mr^^])i and we can set this action to be / ^ ±00 by setting the parameter to be A — > ±cx). This 
means that the path integral of the theory S = J does not converge. However, note that this pathology is 
shared by general relativity. This pathological property of general relativity can be seen by Weyl transformation 

Ie^nste^n= j d''x^R = j d'' Xe^^'^''^ ^{R - {d - iU - ^-^^-^^^-^d^ivd^'uj) . 

Although the pathology of Smolin's proposal is not a happy aspect, this may be regarded as a good news 
because this may indicate that Smolin's proposals may include general relativity by taking a due limit. The 
second problem is that this theory possesses no explicit time coordinate. This is again a pathology shared by 
general relativity. We can introduce a time coordinate by expanding the theory around a certain background. 
Once a time coordinate is introduced, we can construct a Hamiltonian of this theory. We will investigate the 
compactification later. 



4.2.1 Supertrace 

We have seen in H4.16|l that this cubic action is described by the supertrace. Let us give a brief explanation of 
the notion of supertrace for general supermatrices^^. A supertrace is defined as 

32 

5ir-33x33M "i/ M/) - Maa'^ (4.19) 
p=i 

Note that the last bosonic part is subtracted, rather than summed. In other words, when the supermatrix is 
expressed byil/^^*^ ^ ^ , the supertrace is 

StrM = (ir32x32m) - v. (4.20) 

The supertrace of the supermatrices guarantees the cyclic rule. This property can be verified by the following 
argument. We consider two arbitrary matrices: 

= ( ""V Z,= ( ) , (4.21) 

V "21 ^22 / V b22 J 



^This discussion is not limited to osp(l|32, i?) super Lie algebra. 
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where An and Bn are 32 x 32 bosonic matrices, ai2 , a2i , P12 and /32i are 32-coniponent fermionic vectors, 
and a22 and 622 are c-numbers^^. We consider the supertrace of Z1Z2 and Z2Z1: 

Str{ZiZ2) = tr(AiiBn + ai2/3ji) ~ (a^i/3i2 + a22622), (4.22) 



Str{Z2Zi) = triAiiBn + Pi2al^) - (/3jiai2 + 022622). (4.23) 

Since a and (3 are fermionic quantities, the sign changes if we change the order. Therefore, we estabhsh that it is 
not an ordinary trace but a supertrace that the cychc rule Str{ZiZ2) = Str{Z2Zi) holds true of the supermatrix. 



4.2.2 Gauge Symmetry 

Let us investigate the gauge symmetry of this cubic action. We have reviewed in the previous section that the 
gauge group of IKKT model is S'0(9, 1) x SU [N). The same is true of the promotion of this cubic matrix model 
from the c-number elements of osp(l|32,i?) multiplets to hermitian N x N matrices. The gauge group of this 
cubic matrix model is OS'p(l|32, R) x SU{N). This means that the generator X of this gauge group is: 

A" = (X(g) Iatxtv) + (133x33 «>«), with X e osp{l\32,R) and u e su{N), (4.24) 

with the tensor product (g) taken with respect to two matrices^^. Therefore, like IKKT model, the gauge trans- 
formation with respect to the osp(l|32, R) Lie algebra and su{N) Lie algebra is taken independently. The gauge 
transformation with respect to su{N) Lie algebra is the same as the conventional proposal for large A'' reduced 
models, and we do not repeat it. On the other hand, the gauge invariance of su{N) transformation teaches us 
the physical significance of taking the supertrace with respect to 33 x 33 supermatrices. The infinitesimal gauge 
transformation is of course 

For an arbitrary element of u e osp(l|32, R), the gauge transformation is M M + [u, M]. (4.25) 

This indicates that the gauge invariance becomes possible only if the action possesses the cyclic symmetry. As 
we have investigated before, the cyclic symmetry for the supermatrix is guaranteed not for the ordinary trace 
but the supertrace. Therefore, it is indispensable to take the supertrace with respect to the supermatrix if we 
are to construct a physically consistent theory. 



4.2.3 Explicit Form of the Action 

When we analyze this matrix theory, it is convenient to express this action in terms of the components of 
osp{l\32, R) group AI — I .- „ ). The computation is easier to perform if we regard the components of 



i-ip 

32 X 32 matrices as a c-number utilizing H4.17|l . 

Str{M''M''M'') 

= triim%''{m'');{m%P) + itrUm^)/ + itr{{r)p{i''')\m%P) - zirfim'');{r)r 
= ir((m")/(m'');'(m-)/) - itriirf{ni'')p''{^%) - itr{{^'f {m-),^ {r)p) - z(^")''(m'')/(V^^), 
= tr{m°'m''m,'') - Si^^m^ip". (4.26) 

In the equality =, we utilized the cyclic symmetry of the 32 x 32 trace. However there is a important point in 
treating fermionic quantities. Since a fermion has jumped over another fermions in the cyclic procedure, the 
sign must change in the cyclic rule. Therefore, the action of this matrix model is rewritten as 



-l^(tr(m''m''m'') - 3#°mV) = A 
2g^ 



{trim^m^nf) - ii^'^m!'^'') = ^rr(m/[TO/, m/]) - 3#[to, V'])- (4.27) 



The former is equivalent to the latter, the former written in terms of the color index and the latter adopting 
the large N matrix representation. From now on, we express the bosonic 32 x 32 matrices in terms of the basis 
of 11 dimensional gamma matrices: 



m = u^,V^- -I- i^/p.^.r^^''^ -t- (4.28) 



^'^This argument holds true even if we promote the components into large N matrices. 
^^Therefore, this is a normal usage of the tensor product (gi. 
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The computation of the bosonic cubic terms in terms of this representation is a bit tedious, but it is worth 
while to overcome this obstacle because the physics described by this matrix model can be understood more 
transparently if we consider the theory in terms of 11 dimensional framework. Originally, osp(l|32, R) super Lie 
algebra is known as an 'ultimate symmetry of M-theory', and the 11 dimensional representation of osp(l|32, R) 
super Lie algebra is the best description to investigate the physics of unified superstring theory. 

Our problem in this paper is the correspondence between our cubic matrix model and the existing 10 
dimensional matrix theories, such as IKKT model. For this purpose, it is more convenient to express the 
induces for 10 dimensions, and we introduce the following new variables. 



• The indices ii,?2, • • • runs 0, 1, • • • ,9, excluding the cc" direction. Throughout this paper, fj denotes the 
10th direction. 



On the other hand, the conventional induces /i, z^, • • • runs 0, 1, • • • , 9, t|. 



• The quantity Ui-^...i^ denotes the dual of Ui-^...i^: 

w^,..... =^ (4.30) 
The quantities li^li^ and li^.li^^ are defined to be self-dual and anti-self-dual, respectively: 

• Since we are considering osp(l|32,i?) matrix model, only the variables W, Af^\ Ci-^i^^, Hi^...i^ and ll^li^ 
concerns the discussion in this section. However, we introduce the variables of other ranks for future 
reference. 

These new variables see other spacetime directions than the 10th direction. We give the direction a;" a special 
treatment because we would like to preserve the Lorentz symmetry of the 10 dimensional description. Utilizing 
these variables, and adopting the formulation of N x N matrices, this action is computed to be 

.9 3 

g 

+ 32[C'\,,a,.3]C^^'^ - 16a,.Ji/*\3.,.,,77^--^^] + ^i7,,...,,[i/^-,,...,„iJ,,,,,,,Je'---«), (4.32) 
3? - - 3? - 

- ^(^Lr^^MQ,,,, Vfl] + ^flr^^*MCn..,^L]) - ^(-^Lri'^^^^Mi?.,.,.3.4,V'i?] + V5flr^^*^*^^^[i7,,,,,3,,,V'L]) 

3? 

- -(2ViLP^^^^^'^'n^^+'n...3u.5,^L] +2V;i?Pi^^^^^^^M^^"'M.2.3.4.5,V'fl])), (4.33) 

where lb and // are the bosonic and fermionic parts of the action /, respectively. The whole action is / — h + If. 
The computation of this action is lengthy, and we refer the proof to Appendix. IB. 21 

4.3 Identification of SUSY with IKKT Model 

We next investigate the SUSY of this cubic matrix model. The SUSY of the theory is an essential property 
because this symmetry gives a wealth of information about the theory. As we have seen in the previous section, 
IKKT model shares Af — 2 SUSY with type IIB superstring theory, and this SUSY teaches us a lot about the 
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properties of IKKT model. For example, the M = 2 SUSY indicates the existence of massless graviton, which 
is an essential property for a theory including gravity. 

The investigation of the SUSY of this cubic matrix model is an interesting issue to be acquainted with 
the properties of this theory. Azuma, Iso, Kawai and Ohwashi ^ pointed out that this cubic matrix model 
possesses N — 2 SUSY to be identified with that of IKKT model. The discovery of the existence of A/" = 2 is 
of significance in that they discovered the property shared by the existing matrix model. 

One of the motivation of tackling with this cubic matrix is to investigate a matrix model which naturally 
contains the existing proposal for the constructive definition of superstring, such as IKKT or BFSS model. That 
the osp(l|32,i?) cubic model may contain these models is conjectured from the group theoretical consideration 
of osp(l|32,i?) super Lie algebra. Performing the dimensional reduction on the 11 dimensional representation 
into the 10 dimensional representation, we obtain a symmetry of both type IIA and type IIB 15 . The work 

solidified the belief that this cubic matrix model naturally includes IKKT model by the identification of the 
N =2 SUSY with that of IKKT model and 



4.3.1 Definition of Supercharge 

First, let us consider what is the SUSY of this cubic matrix model. The SUSY is a symmetry relating the 
fermions and the bosons : a SUSY transformation turns a bosonic state into a fermionic state and vice versa. 
Let Q be an operator which generates such transformations Q is called a supercharge, and this satisfies 

QjBoson) = jFermion), QjFermion) — |Boson). (4.34) 

A supercharge must be therefore a fermionic quantity, and there is no room for the fermionic fields to enter the 
supercharge. Then, we define a supercharge of this cubic matrix theory as follows: 




(4.35) 



Originally, the supercharge must satisfy the Haag-Lopuszanski-Sohnius extension of Colcman-Mandula theorem, 
as we have mentioned in the previous chapter H3.37|l . However, we have yet to understand the meaning of the 
translation of the bosonic fields in this cubic matrix theory. And it is impossible to justify here that the definition 
1)4.35(1 is an eligible supercharge. We defer this argument later, and we consider the justification of this SUSY 
transformation by comparing this 'SUSY' transformation with that of IKKT model. 



4.3.2 TV = 2 SUSY transformation 

We consider the 'SUSY' transformations by the above supercharge H4.35|l . The SUSY transformation of this 
model is expressed by the infinitesimal transformation by this supercharge. For a matter field of this supermatrix 

theory M = ( j ' SUSY transformation is the commutator with the supercharge: 

= |0,M, = l( » S ) , ( 3 : )l ^ ( *t^'« -7 ) . (4.36) 

There is another kind of supersymmetry in this cubic matrix theory. Note that the action of this matrix theory 
1)4.16(1 includes the commutators. This means that this cubic matrix theory is invariant under a naive translation 
of the fermionic field if) ^ if) + e. This is the same situation as emerged in the case of IKKT model, where the 
fermionic field emerged only as a commutator with the matter field. 

The notion of 'homogeneous ' and 'inhomogeneous ' SUSY transformations is used in the same sense as in 
IKKT model. 



we use (J^^-* to represent this homogeneous SUSY by the supercharge — > ^ ^ 



The former SUSY, the infinitesimal transformation by the supercharge, is called homogeneous SUSY, and 

X 
iX 

• The latter SUSY is called inhomogeneous SUSY. is defined as the inhomogeneous SUSY with the 
translation of the fermion tp ijj + e. 

We have discerned that this cubic matrix model possesses N = 2 SUSY in the same sense as IKKT model. 
This stems from the fact that the action is written by the commutator of the matrices. The SUSY of the 
osp(l|32,i?) cubic matrix model is summarized as 
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• homogeneous: Sx'^m = ~ V'x) i ^e^^V" = 

• inhomogcncous : St'^^m = 0, S^'^'^ip = e. 

We have seen that this cubic model possesses J\f — 2 SUSY, and the origin of the homogeneous and the 
inhomogeneous SUSY is similar to the case of the IKKT model. However, there are two questions in order to 
solidify the correspondence of the SUSY of the cubic matrix model with that of IKKT model. One question 
stems from the discrepancy of the number of the SUSY parameters between the cubic model and IKKT model. 
This cubic matrix model possesses twice as many SUSY parameters as IKKT model. The SUSY parameter of 
the homogeneous SUSY in IKKT model is 10 dimensional Majorana-Weyl spinors, and the number of the spinors 
are 16. On the other hand, The SUSY parameter of the inhomogeneous SUSY, id est the naive translation, is 
also 16. Therefore, IKKT model possesses in total 32 SUSY parameter. On the other hand, our cubic model 
possesses 32 homogeneous SUSY parameters x and 32 inhomogeneous SUSY parameters e, in total 64 SUSY 
parameters. In order to identify the SUSY of the cubic matrix model with that of IKKT model, it seem to be 
necessary to divide the SUSY parameter into two groups each of which consists of 32 fermions. Another issue to 
tackle with is the identification of the fields of the cubic matrix model with those of IKKT model. We investigate 
this issue through the SUSY transformation on the fields of the matter fields. This issue is interesting in the 
light of not only the identification of the supersymmetry but also in that this question provides us with the 
clues of what fields we should regard as the fundamental fields. 

The clue to the first question lies in the chiral decomposition of the fermionic fields. We separate 64 fermionic 
SUSY parameters into the group of left and right chirality, and thus divide these 64 SUSY parameters into two 
groups. We have introduced the definition of the chiral projection in Appendix. IA.2.11 We define a homogeneous 
SUSY transformation S^l and as the transformation by the supercharge Q^l and Qxr respectively: 

Likewise, the inhomogeneous SUSY transformation d^"^ as the translation of the fermions"'^^: 

= eL.R- (4.38) 
We next pursue the problem of how each of the components of the matter fields 



^ = p^r« + iA|+)r(i + r«) + iA^)r(i-r«) + iQ,,,r^^^ + ii7,,...,,r 



i^+lr--^^i + r«) + i^-lr^-^ii r«) (4.39) 



are transformed under this SUSY transformation. We have verified that the commutator of the homogeneous and 
inhomogeneous SUSY transformation gives a nonvanishing contribution. In extracting the SUSY transformation 
of each of W, A\^\ Ci^i^, Hi^...i^ and we use the technique introduced in Appendix. IA.2.61 We find it 

a natural interpretation to regard the fields of rank 1 as identified with the fields of IKKT model. 

The homogeneous SUSY transformation is computed as follows. We would like to extract from the SUSY 
transformation 5x^m = i{x'4' ~ V'x) the transformations of the fields A^^^ and bI~^\ We utilize the formulae in 
Appendix. IA.2.6l to extract the SUSY transformation for these fields. Utilizing the formulae (|A.26|I . we obtain^" 

S^^^A^^ = lt^((5(i)^)r,) + _ltr((<5Wm)r,j) = ^tr{{xi^ - ' Tj) 

= ^(-v;r,;(i-r„)x + xr.(i-r„)^) = ^(xr,(i-rj)v.) = ^xflr,Vi?, (4.40) 

Si'^A'f^ = ltr((<5Wm)r,)-^tr((<5«m)r,j) = ^XLr.VL, (4.41) 

(5^1^ = -mx- (4.42) 

Sx'' a[ is computed in the same manner as Sx'' a[^\ These transformation laws of the fields possesses the same 
structure as the homogeneous SUSY transformation of IKKT model. Now, we have discerned the correspondence 
between the bosonic fields and the fermionic fields. 



-"^^The abbreviation S^^^ = tp + e^.^ means that the transformation 5^^' corresponds to the translation by e^, and that S^'^^ 



corresponds to the translation by eji 

20Note that A^*' is defined to be . 

thus we need a minus in the formulae fc26l 



■^"Note that A^^^ is defined to be A^^^^ = Ui it Uij. is a quantity of rank 2 with respect to the 11 dimensional indices, and 
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bosons Ai (IKKT) 


fcrmions ip{lKKT) 











4.3.3 Commutation relation of SUSY transformation 

We next consider the commutation relation of the SUSY transformations. In IKKT model, we have seen the 
commutators of the supersymmetries (|3.20|l , (|3.21|) and (|3.22() . We wish to find the same structure in the cubic 
matrix model. We investigate the commutators of the SUSY transformations for each chirality 

{l)[6(^'\Si'W\ {2)[S^^\Si'W\ mSi'\S('^A\^\ (4.43) 

As we have reviewed in the previous chapter, these commutation relations reveal what is the translation of the 
bosonic vector fields, and served to examine that the N = 2 SUSY transformations satisfy Haag-Lopuszanski- 
Sohnius theorem {Q,Q} = Pi — (translation of bosonic fields). The investigation of the commutators is an 
important problem in this cubic matrix model, too. And we investigate these commutators one by one. It is 
a trivial matter that the commutator (2) vanishes because the inhomogeneous SUSY transformation is just a 
naive translation of the fermions, and we investigate the rest of the SUSY transformations. 



SUSY transformation (3)[4^\ (5^^^]^'=^' . 

Even though the order is upside down, let us investigate the SUSY of this type. In IKKT model, this is 
the only nonvanishing commutator, and this commutation relation would give us a big information about the 
correspondence of the SUSY between the cubic model and IKKT model. In our cubic model, this commutation 
relation is obtained by 

[<5«,5(2V = -*(xe-ex), [<5«,<5f ]V' = 0. (4.44) 

(Proof) We perform the similar procedure, as in the case of IKKT model. In considering the commutator of [5'^\ 5^^], 
it is convenient to compare the two paths of the SUSY transformations. 

5(2) 5^1) _ _ 5(^1) _ _ 5(2) _ _ 

• m TO ^ m + z(xV' ~ V'x). whereas to ^ to + i(x'0 — V'X) ^ rn + ixi'4' + e) ~ *(V' + e)x- 

5(2) 5^1' 5f' 

• ip-^^ + e^^ + e — mx, whereas ■(/; ^ -0 — mx ^ 4^ + e — mx- 

Taking the difference of these two paths for the bosonic fields and the fermions respectively, we obtain the above 
commutation relation. (Q.E.D.) 

We extract the commutators of the SUSY transformation with respect to the fields of rank 1: A\^\ For this 
purpose, we make use of the formulae in Appendix. IA.2.61 in the same fashion as in the homogeneous SUSY 
transformation itself: 

)]A1+^ = ^ir(([<5W,<5f ]m)r,) + -ltr(([5W , <5f ]m)r,,) = ^tri{ex ~ xe)m - Tj)) 

= ^i-Xm - rj)e + eT,(l - r,)x) - ^eT,(l - rj)x = 'fnTaR, (4.45) 
[5['\Si'^]A^^ = l<^(([4i),5(2)]^)r,0 - _lf,(([4i),^(2)]™)r,„) = '-er.r,XL. (4.46) 
Extracting the specific chirality of the SUSY parameters, the nonvanishing commutators are now clear: 

[Si'l,SilW^^O, [Silsi^]A^^^'--eRTaR, 

= '-e.r.XL, [SilSi'M-^ = 0. (4.47) 
The commutators with different chirality of the two SUSY parameters clearly vanishes: 

[Sil6i'J]A^^ = [6ilSilW^=0. (4.48) 

These combinations of SUSY transformations clearly resemble the structure of the SUSY transformations of 
IKKT model. And the correspondence between the vector fields and the chirality of the fermionic fields matches 
that obtained by the correspondence of the homogeneous transformation itself. 
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SUSY transformation {1)[S^^\6P]A['^'^ . 

In the case of IKKT model, this SUSY transformation vanishes up to the gauge transformation, as we have seen 
in H3.20|l . We want to find the same vanishing in our cubic model, if we are to identify the SUSY transformation. 
However, it turns out that this commutator does not vanish. In investigating this commutation relation, it is 
easier to utilize the following identity: 

[S^^'\SP]M=[[Q^,Q,IM]. (4.49) 

This can be verified by the explicit computation of the both hand sides: 

[<5«,<5(i)]M = [Q^, [Q„M]] - [g„ [0^,M]] 

= Q^Q.M - Q^MQ, ~ Q,MQ^ + MQ,Q^ - Q.Q^M + Q^MQ, + Q,MQ^ - MQ^Q, = [[Q^,Q,IM]. 

This commutator of the SUSY transformation is thus obtained by 

A(i)lAf - r/^ *(xe-ex) \ f m V _ f [i{xe- ex),m] iixe - ex)^ \ . . 

'''^ l^^^-iy J \ ti; J^^ \ -li^ixe-ex) J' ^^■^^> 

This relation reveals that the commutators of the two homogeneous transformation are 

[S['\Si''>]m = t[{xe~ex),m], (4.51) 
[<5W,5(i)]V = »(xe-ex)V'. (4.52) 



We have seen in (I4.47|) which chiralities of the SUSY parameters correspond to the vector fields A[^\ According 
to this correspondence, we examine the commutation relation with respect to the following cases. 

We first investigate the commutation relation (^c^^]. We examine this commutation relation of this 
SUSY transformation: 

= ^triixL^L " eiXL)™r,(l + r«) - mixLeL - eLXL)r.(l + r«)) 

2, ■ 1 

= Y^tr{{xL^L - eLXL)mT' - m{xL^L - ^LXL)Ti) = Y^tr{{xLeL - £LXL)[m,Ti]) 

= ■T^{-^L[m,Ti]xL + XL[m,Ti]eL) = -{xL[m,Ti]eL), (4.53) 
16 8 

where we have utilized the fact that [to, Ti] e sp(32) and the flipping property of the fermions in the last 
equality. Unfortunately, this commutation relation does not vanish exactly. And we examine which fields of m 
in the commutator of (|4.53|l survive. Now, m is expanded as in H4.39|l . The commutation relation of [m, F'] and 
the relations HA.8|I clarify which components of to survive or perish. 

. XL[WTi,T,]eL^XLWT^T,eLi^O), 

. XL[A^+)n(i + r«), r,]ei = XLA;+^(n. + v'^a + 2r«))eL = 0, 

. XL[A(-)rJ(l - r«),r,]eL = XLAl~\Th + - ^^))eL = 0. 

The fields A^^^ is shown to vanish in the SUSY transformation (|4.53() . 

• Computing the commutators likewise, the fields Ci^^i^ and Hi-^...i^ survive, while I^^^.i^ vanish. 

These commutation relations reveal that the fields of even rank TU, Ci-^^i^ and Hi-^...i^ survive in the commutator 
1)4.531) . This is the complicated structure of the SUSY transformation of the cubic matrix model. The difference 
from IKKT model lies in the homogeneous SUSY transformation of fermionic fields. In our cubic matrix model, 
the homogeneous SUSY transformation of fermionic field is represented by (|4.42(l . Since we are involved in the 
mixing of the fields of other rank than 1, the structure of this commutator is not so simple as IKKT model. 

However this can be interpreted as a good news in that we have succeeded in excluding the very fields to 
be identified with those of IKKT model: a[^\ In this sense, we can regard the commutation relation 14.53)1 as 
identical to that of IKKT model. 
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We next investigate the commutation relation of other chirahty. [^XHi'^enl- The corresponding field is now 
A\^^ , and the commutation relation is now 

i^i'lSilW^ = ^*K([4'i'CV)r.) + ^ir-(([4i2,<5«]m)r,„) = ^(^^[m, r,]e;,j, (4.54) 
by completely computing in the same fashion as in 

11331 • And totally the same problem emerges, and we do 

not repeat this case. 

An important point is that the commutator ['^xi'i'^eR] does not trivially vanish. Computing these commu- 
tation relations in the same fashion as before, we obtain 

[s'^l6i]^]A^^ = ^i,(([ja),^(i)]^)r,) + ^ir(([<5«,5aV)r.j) (4.55) 

iz Id 

- ^iK(['5«,'^^HV)r.) - ^tr(([5W,<5(i)]m)r,„) (4.56) 

= ^tr{{xL^R - £RXL)mTt{l + T') - m{xLf-R - eRXL)^i{'^ + T")) = -^{^Rin^rXL + XL^imeR). 
The disastrous fact is that these commutators include the fields a[^^ and A,- ' . 



• For the former commutation relation, we extract from m the fields of rank 1 : m — > A-^^F^i^" 



A\ •'f^ J"' . Then the commutator is 



- Y.^xdA^^'^^^A^ + 4-^r^^^)F.e« - x.r.(4-)F^i±I^ + Aj-^F^l^).,) 

^^'-XLJ^+^T^'eR. (4.57) 

• For the latter, we are faced with the same problem as in the previous case: 

- +4-)F^i^)F.x. - e-.F.(AWF^i±I^ + A(-)F^i^)x.) 
= -'-xlA^Y^T^er. (4.58) 

These commutation relations reveal that the two-fold SUSY's are not independent of each other, but are 
connected by not the impurity W, Ci-^i^ and Hi-^...i^, but the fields A^^K This is an unfavorable situation in the 
analysis of the SUSY transformation of this cubic model. 

Structure oi Af — 2 SUSY transformation 

The investigation of the commutation relations of this cubic matrix model possess two significances. First is 
that the relation 14.47() clarified the correspondence between the fields of rank 1 A[^^ and the chirality of the 
SUSY parameters. This relation clarified that the correspondence of the fields a[^^ and its chirality is the same 
as the fermionic fields tJjl.r- The correspondence of the fermionic fields is 

• For a[^\ the SUSY parameters eR, and xr. corresponds to the SUSY parameters of IKKT model. 

• For a[ , the SUSY parameters eL and xl corresponds to the SUSY parameters of IKKT model. 

In both cases, the number of the corresponding fermionic SUSY parameters is 16+16=32, and this agrees with 
IKKT model. 

The next significance is that the commutation relation serves to clarify whether the supercharge Q = 
X 



_ , , and the translation of the fermions really constitutes an A/" = 2 SUSY transformation. We would 
tX J 

like to confirm that these SUSY transformations truly satisfy Haag-Lopuszanski-Sohnius theorem H3.37|l if we 
are to assert that these SUSY transformations are actually eligible SUSY transformations. 



37 



We first consider the validity of the former statement {Q, Q} = Pi by considering the commutation relations 
of the SUSY transformations. We have identified the set of the fields and the supercharges X-Ri ^-r) 

and {A[~\ipL,XL,iL) with those of IKKT model, each of which possesses just 32 supercharges. We have 
completely reproduced the commutation relations^^ [S'^l , Se"^] and [S^l l i ^^'r l]- However, we have failed to 
reproduce the commutation relation [S^l lt^^]^ l]- This commutation relation includes the unnecessary fields 

Ci-^i^ and Hi-^...i_^. This means that a 'noise' is involved in the commutation relation of the supercharge. The 
fundamental supercharge of A/" = 2 SUSY is now^^ 

QfundU) ^ gil) ^(2) Q/W(2) ^ .(^(1) _ ^(2) y (4 59) 

The noise Ci^i^ and Hi-^...i^ emerging in the commutation relation [<5xh ^ , <5eR i] reveals that^^ 

^Qfundix)^Qfundix)^ = P,fl,L (translation of bosons) + (Other fields W, C, H) (with x = 1,2) (4.60) 

The operator Pm.L is the translation of the bosonic fields. The commutation relations (|4.47(l reveal the way 
PiR,L translates the bosonic fields of rank 1. 

• Pi,ii translates only the bosonic fields ^j-^"* by a^^"^ — ^eRTiXR- 

• Pi^L translates only the bosonic fields a[ by = -^^L^iXL- 

The first statement of Haag-Lopuszanski-Sohnius theorem is thus shown to hold true of this matrix model up 
to the impurity W, C, H. 

The latter statement [Pi, Q] = is easily verified by computing the commutators of the translation of the 
matter fields and the SUSY transformations ^ and ^e^^^^. This argument does not rely on the commutation 
relations H4.43|l . 

• The commutation relation [-Pjjj.L, <^xr.-l] = is trivial. In the following argument, note again that the 
transformation of right chilarity corresponds to the bosonic fields A^^^^ and that the transformation of left 
chirality corresponds to A| 

^ ) + a(±) ) + + Ixr,lT.^R,l. whereas 



~^ + s^R,L^ iWR,L ^i + + ■sXR,L^ iW 



'JR,L- 



* i^RX ^R,L -^^ V'fl.L - i'm'X)RX, whereas V'a.l -^^ '4'R,l ~ imx)R,L i^RX - (mx) 

^(2 



R,L- 



The commutation relation [PiR^i ^ej l] = is also trivial, because PiR^L moves only the bosons while 

(2) 

(5e^^i moves only the fermions. 

^ ) A^^ + a^^ A^^ + \ whereas A^^ % ^ ^'^^ ^ + 

P.RL ^'RL ^^RL P.RL 

* i^RX i'RX i^R,L + efl,L, whereas i^r.l -^^ V'fl,L + e_R,L '-^^ '0_r,l + ^r.l- 

Therefore, the commutation relation [Pi, Q] = is trivial, and this does not involve a noise W, C, H . 

This completes the justification of the SUSY, which we 'defined' in (|4.34|) . and is consistent with Haag- 
Lopuszanski-Sohnius theorem apart from the fields W,C,H . 

And the serious difficulty is that the relation 14.57|l and (|4.58() indicates that these two-fold SUSY trans- 
formations Q^™''^^-* and Q^^'^'"^^ are not independent of each other. These two-fold IKKT-like SUSY's are 
related by the fields A'f^'^ themselves, and we have yet to succeed in interpreting this impurity physically. 



^'^Here, we frequently use such abbreviations as [S^^ l'^^r l^' This means the correspondence of the chirality ['JxHi'^t'R] '="^'1 
^^Here, we again use the abbreviation q{^"^^^^ = <5e^^ -I- ^e^i^ i^- This means q{^^'^^^^ = 5^^^^ + (Sg^' and that Q^^""^^^^ = 

^Again, note that the anti-commutator in the original Haag-Lopuszanski-Sohnius theorem is replaced with the commutator, 
because the SUSY parameters are Grassmann odd. 
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4.3.4 Summary of the results 



The homogeneous SUSY transformation (|4.4U|) and (|4.41l) and the commutation relation of the SUSY transfor- 
mations (I4.47|l for the vector fields A'f^'' answer both of the questions. First, these results give us an answer of 
the identification of the fields of the cubic model with those of IKKT model. The answer is now straightforward. 
There are two choices : the fields of IKKT model Aj^^^ should be identified with either A,-^-* or . 

The other problem with the SUSY transformation of this cubic model was how to cope with the fermionic 
SUSY parameters twice as many as those of IKKT. The answer to this question is readily read off from the 
final results H4.47|) . We have succeeded in separating the 64 fermionic parameters in the cubic matrix theory 
into the two groups of 32 fermionic parameters by noting the chirality. These supersymmetry asserts that there 
are two distinct worlds each of which possesses a SUSY of IKKT model. 

• For the fields a[~^\ the fermionic fields to be identified with that of IKKT model are those of right 
chirality : Therefore, the fermions of the right chirality -0^ should correspond to the fermionic fields of 
IKKT model, if we regard A^'^'' as the fundamental vector field. And we regard the SUSY parameters of 
right chirality xb. and as corresponding to those of IKKT model. Each of the fermionic parameters 
are just half of the whole parameter x a-nd e, and each of xb. and en possesses 16 fermions. This is just 
what it should be in IKKT model. And we have justified the decomposition of the SUSY parameters by 
noting the commutation relation (|4.47|) . 

• For the fields A[^\ the fer mionic fields ipL should be identified with IKKT model. Therefore, the SUSY 
parameter corresponding to IKKT model is xl and e^- In this case, we have succeeded in reducing the 
parameters of the SUSY transformation to 16 + 16 = 32, too. 




There are 32 SUSY 
parameters/L ,£[_ 



Figure 10: The two-fold SUSY structures of this cubic matrix model. These two worlds are not independent of 
each other. 

However, the relations H4.57|l and H4.58|) indicate that these two-fold SUSY structures are not independent of 
each other, but are related with the fields A^*-* . This is not a beautiful structure, and the physical interpretation 
of this mixing is not clear yet. 

We have seen the SUSY transformation of this cubic matrix model, and this cubic model possesses J\f — 2 
supersymmetry. And analyzing this J\f ~ 2 SUSY more deeply, we have clarified the way this cubic model 
embeds the symmetry of IKKT model : there are two- fold symmetries of 32 fermionic fields, each of which have 
shown agreement with the SUSY of IKKT model. The investigation of supersymmetry is a powerful tool to 
analyze the structure of the model. 

4.4 The Induction of IKKT model 

We have seen the correspondence of this cubic matrix model with IKKT model in terms of the SUSY trans- 
formation, and we have shown that this cubic matrix model embeds two supersymmetries of IKKT model, by 
dividing the chirality of the fermionic parameters. Then here comes a next question : 

How can we induce IKKT model from this cubic model? 

In this section, we consider the answer to this question, however this is a difficult problem, and we give just a 
hand-waving argument to this issue. 
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We have seen the exphcit form of the action of this cubic matrix model H4.;^2|l and As we have seen 

in Sec. 3, IKKT model can be interpreted as non-commutative Yang-Mills theory if this theory is expanded 
around a certain classical solution to the equation of motion Likewise, the starting point to analyze the 
behavior is to expand the theory around a classical solution. 

This cubic model possesses no time or space derivative from the beginning, as is true of IKKT model. The 
classical equations of motion should be given by Euler-Lagrange equation of the action H4.32|l and (|4.33|) 



dl dl 



^MTJTTT^ - = 0, (4.61) 



where X is an arbitrary field of this theory. Since we are interested in the classical solution, we do not consider 
the fermionic fields in the classical equations of motion. These equations of motion are explicitly given by 

^ = -96[4+\^(-)-] + ^[4+.^^,/(-)--^]=0, (4.62) 
dl 



dl 



(-) 
ii 

dl 



96[4^+\ C'^'^] - 96[W, A^^i] - 4[77,,...,,, = 0, (4.63) 



16[il['\3...,,,77^=l-'^] =0, (4.64) 



dl 



1 



Jo 



1 2 

+ \np. . . H if»i--iiotJ I 

27 '5i6i7 J -'-'pis^giioJ'^ I 27 

^f, = — [iy,/(^)''i-*«] -4M(-)['Si7'^-'=l] - 8[C'''[*S/(-)fe*'""'''] - i^[i/fc;[n«2^ J(-)fc^^3u^5ll ^ q, 
dV ' 5 3 



9^ 4[^j(+)^l-i5] _|.4[^(+)[il^^«2-.5l] _8[C''=[^i,/(+)fe'''"''' + l^[i^^;[»l^2^ J(+)fe^^3^4^5l] ^ 0.(4.66) 



Now, we consider the classical solution of the above equations of motion. It is almost impossible to solve the 
above equations of motions exactly, but we can find a classical solution which possesses a physical consequence. 
As we have seen in the case of IKKT model, the canonical pairs play an essential role in introducing kinetic 
terms of the theory: 

= pi,A[+^ = gi, • • • ^2dl2 = Pd, AV-1 - <ld, (all the other fields) = 0, (4.67) 

where pk, qi are d independent pairs of canonical pairs satisfying [qk,pi] = iSki- 2(i is a number of the dimension 
of the spacetime produced by this classical solution, and we now focus on the case in which 2d — 10. If we 
expand the theory around this classical solution, we can introduce the spacetime derivative in the same fashion 
as in IKKT model jTl]. We separate the field A'^'' between the classical solution and the fluctuation: 

= + a,[+\ (4.68) 

where pi denotes the above classical solution^^. We can then introduce a spacetime derivative by mapping the 
commutators with the a[~^^ fields with the covariant derivative, where X is an arbitrary field, 

[A\+^ , X] = -id^X + [a|+) , X] . (4.69) 

Applying this mapping rule to the action (|4.32l) and (|4.33|) . we can introduce a kinetic term in this action, and 
thus we obtain the following action: 

h = ^rr^xAr(-96(a,,4'V-^'^+96(9 ,iy)A(-)' + 4(9,,i7,,...,,)/(-)'--'^) (4.70) 

^*Be careful not to be confused with the canonical pairs pk,qi- 
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g i) " 

g 

+ 32[C*\,,G,.3]C^^^^ - 16a,.Ji/^\3,,,,,77^--^=] + (4.71) 

// = ^TrNy.N{-i^4>LV'^^4>L) (4.72) 

- ^(^Lr^^^MQ,,,, Vfl] + ^flr^^MCn..,^L]) - ^(-^Lri'^^^^Mi?.,.,.3.4,V'i?] + V5flr^^*^*^^^[i7,,,,,3,,>i]) 

- -(2^ir^'^'^'-'n^^+^.i...3U.5,V^L] +2V;«r'^^^^^^^^M^*"^.i...3^4.5>fl]))- (4.73) 

The cubic action, per se, does not include a quartic term of vector fields in the action. However, we can 
interpret that the bosonic term is induced by the fermionic term of the IKKT model. The idea that the theory 
consisting of fermionic fields and a Dirac operator induces Einstein gravity and Yang-Mills theory has long 
been suggested. The proposal of Connes and Chamseddine is one of these suggestions of induced gravity T. 
Based on these suggestions, we find it a natural idea that the bosonic term of IKKT model is induced from its 
fermionic term. And we hypothesize that the whole IKKT model should be induced only by the fermionic field. 

Our goal is thus to find the fermionic terms in this cubic matrix model to be identified with that of IKKT 
model. We have seen in the previous section the correspondence between the vector fields and the fermionic 
fields according to the identification of A/" = 2 SUSY with that of IKKT model. And the fermionic terms to be 
identified with that if IKKT model is 

V^flFMl+Vi?^ S i^L^A^r^^jL. (4.74) 

If either of these terms exists in the action, this can be identified with the fermionic term of IKKT model. 
However, the kinetic term of the fermionic fields H4.72|l . per se, does not include such terms as (|4.74f) . and does 
not serve to induce IKKT model due to the discrepancy of the correspondence of the vector fields and the 
chirality of the fermions. In order to remedy this situation, we consider inducing the terms H4.74|l by multi-loop 
effect. The action (|4.70|l ^ H4.73|l just tells us that there is no terms to be identified with IKKT model at a tree 
level. Since the idea of 'induced IKKT model' is to construct the bosonic term by one-loop effect of fermionic 
Lagrangian, the idea of 'induced theory' is, per se, a notion based on multi-loop effect of the perturbative theory. 
In this sense, there is no problem if the fermionic term is induced by the multi-loop effect. 

In order to consider the multi-loop effect of the cubic theory, we start from considering the Feynman diagram 
of this theory. The kinetic terms contributes to the propagators, and the cubic terms contributes to the vertices 
of this theory. These Feynman rules can be read off from the action (|4.70() ~ (|4.73() . 

• Propagator : The propagators of this cubic matrix theory stems from the kinetic terms H4.7()ll and 
l|T7^ . Apparently, the action (jlTUj) ~ l|IT5|l seems to include the propagators {WA^^y'), (A^^^-'C"-''), 

Propagators 



Figure 11: Propagators of this cubic matrix theory. 

{H jkiml''^^^-'^''"^) and (ipLi'L)- However, a careful investigation of this theory reveals that the propagator 
{A[^^C^^) is prohibited from existing, while the other propagators {WA['^^), {Hjkirnl^^y^''''"^) and (ipLipL) 
do exist in this theory. We leave the discussion of the existence of these propagators to Appendix. IB. 31 

• Vertex: This is also read off from the action of this theory. Of course, the vertices for the fields of higher 
rank (such as Hi-^...i_^ and exist, however we omit drawing their Feynman diagrams because these 

diagrams do not contribute to our discussion of inducing IKKT model. 
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Vertices 




Figure 12: Vertices of this cubic matrix theory. 



Our goal is to build a fermion vertex (|4.74|) by means of the multi-loop effect. In order to build such a 
term, the above Feynman diagrams do not suffice. Especially we are lacking the propagators of the fields. It is 
thus necessary to build an induced propagators by means of the multi-loop effect of the existing Feynman rule. 
These induced propagators are constructed by the following loop effect. 
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Figure 13: The induced propagators of the bosonic fields 



• (flj-^-'aj^'') : It is easy to construct this induced propagator. All we have to do is to connect the fermions 
using the existing fermion propagators (V'lV'l)- 

(W^M^) and {A^ A^- •*) : The construction of these propagators is a difficult problem. Unfortunately, it 



is impossible to construct these propagators perturbatively, and we disprove their existence in Appendix. 
IB. 41 However, this is not the end of the story. Even if we fail to induce these propagators perturbatively, 
we have a choice to induce these propagators by means of the nonperturbative effect. These propagators 
may be induced by the following recursive structure. 

WA AWWAA W„ W A AW 

g = ^ + |g Q + - 

[ W W ] <AA> <AA> <WW> <AA> 

A W _ W A A W„W A A W„W A 
= II + |g 1^,... + ..... 

<WW> <WW> <AA> <WW> 

[Ay Aj' ] 



Figure 14: The induced propagators of the bosonic fields 
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This structure is reminiscent of the self-consistency condition of Nambu- Jona-Lasino model. And when we 
consider the nonperturbative^^ effect, there is no particular conservation law which prohibits the existence 

i(-) 4(-)\ 

propagators. 



of the propagators (WW) or (A- 'A): ') Throughout our discussion, we assume the existence of these 



Now we are ready to construct the induced propagators of this cubic model. In constructing the vertices of 
the fermionic terms ()4.74|) . The answer is now easy, and the IKKT-like vertex is constructed by the following 
procedure. 



Induced propagator 
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IKKT-like Vertex 
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Figure 15: The induced IKKT-like vertex V'TMI+V 



• To construct the induced vertex corresponding to (|4.74|) . we must first construct two objects. One is the 
propagator {i/jriJjr). This is easily constructed once we admit the existence of the propagator (WW). 

• Another object is the vertex ■ipnT^al'^'^'ipii. It is also easy to construct this vertex utilizing the induced 
propagator {WW). 

• These two objects serve to induce our desired term ?/'ijrMj-^'-0;j. Note that this induced propagator 
indicates that the kinetic term -ipfir^diipu- This is diagrammatically regarded as the vertex of -0^, V'fl, and 
di ^ Pi, where pi is the classical solution (|4.t)7l) . around which we have expanded the theory. Therefore, 
the sum of these two objects is regarded as 

(Mb) + i^RT'a^+^^R = -ii'Rd.^R + V^flr^al+Vfl = ^^rT^A^^^r. (4.75) 

Now, we have completed constructing the fermionic term to be identified with that of IKKT model, consid- 
ering the correspondence of J\f — 2 SUSY transformation: 

/ ^ ^iiFMl+Vi?. (4.76) 
Now, here comes two objections of the prosecutor to our argument. 

1. One objection is that we have yet to succeed in decoupling the fermions. Even though we have constructed 
the fermionic term 'iijRr^A['^'''ipR, the term 'ipi,T^A\'^^'ipL is still mixed in this action, and we have no system 
to decouple the 'impurity' 'ipi,T^A\'^^'ipL- Then, it may be artificial to extract the desired term 'ipRT^A^'^^tpR 
by hand, and it cannot be said that the fermionic term of IKKT model is naturally induced. 

2. The other objection is that we have assumed the existence of the propagator (WW) and {A[ ^ A^j The 
analogue of Nambu- Jona-Lasino model can only assert that, if such propagators exist, these are due to 
the nonperturbative effect. Like Nambu- Jona-Lasino model, we are required to investigate the existence 
of the solution of self-consistency condition. We have not succeeded in verifying the existence of these 
propagators. 

^^Here, we mean the word 'nonperturbative' by the effect not stemming from the multi-loop effect of Feynman diagram. 
^^The argument of the charge in Appendix IB . 41 is not a conservation law applicable to the non-perturbative framework, because 
this argument is based on the perturbative multi-loop context. 
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These are fatal objections to our discussion, however the pleader refutes these objections as follows. 

1. For the first problem, we have a viewpoint that the fcrmion ipL integrated out in constructing the 
vertex operator T/S/jr^A^^^ V'-R- Since we have performed a loop integration with respect to the fermionic 
propagator (V'lV'l), it is a natural interpretation that the tpL has been integrated out and no longer exists 
in the effective theory. We reckon this integration as the system to ostracize the impurity ^LT^A^j^'^ipL 
from the theory. 

2. The latter is a tough objection, and we have yet to find a definite answer. However, there is no physical 
conservation law to prohibit the existence of these propagators, and we consider the existence of these 
propagators to be a decent hypothesis. 

The action with only the fermionic term of the theory is known to induce the bosonic part of IKKT model. 
The bosonic part stems from the one-loop effect of this fermionic vertex, as shown in Fig. 1161 These induced 
terms {A[^^)'^ are conjectured to emerge as a commutator [A^^'', ^4^^'']. Therefore, we can speculate that this 
cubic matrix model may induce IKKT model by the multi-loop effect: 

IlKKT = 2 {-;[-^IKKTiiMKKTj\[A\KKTi -^^IKKt\ + 7^'4^IKKT^i[A\xKT^''1'IKKt]- (4.77) 

9lKKT ^ ^ 



Induced IKKT model 
\w ' 



... ^ <^R^R> 



Figure 16: Induced IKKT model from the fermionic term. The bosonic term will be induced by the one-loop 
effect. 

Although we have developed just a hand-waving argument, it may at least indicate a sign that this osp(l|32, i?) 
cubic model has a scenario to induce IKKT model, with the induced terms agreeing with the correspondence 
of the identification of TV = 2 SUSY. 

4.5 Summary 

Let us conclude this section by summarizing the discussion concerning the osp(l|32,i?) cubic matrix model. 

• L. Smolin suggested a new type of cubic matrix theory: 

33 32 
^ Q,R=1 p=l 

= 4 H Str{M''M^M'')Tr{T''[T^,T'']). 

^ a,fc,c=l 

The biggest novelty of this cubic matrix model lies in the fact that both bosons and fcrmions are embedded 
in one multiplet of super Lie algebra osp(l|32, R). 

• This cubic model possesses two-fold JV — 2 SUSY structures, each for 32 fermionic SUSY parameters. 
Each of these two-fold SUSY structures is identified with the TV = 2 SUSY of IKKT model. The corre- 
spondence of the fields of the cubic model and those of IKKT model is as follows. 





bosons A, (IKKT) 


fermions ^(IKKT) 


SUSY I 






SUSY II 
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However, these two-fold SUSY's are not independent of each other, but are connected by the fields Al , 
the very fields to be identified with those of IKKT model. 

• We speculate by a hand-waving argument that this cubic model induces IKKT model by a multi-loop 
effect of the fermionic term. And we constructed the fermionic terms with the correspondence with the 
vector fields imposed by the identification oi J\f ~ 2 SUSY. This can be regarded as the induced IKKT 
model, with the bosonic part induced by the fermionic part. 

Our discussion in this section solidifies the conjecture that Smolin's proposal may naturally include IKKT 
model, as is predictable from the symmetry of osp{l\32, R) super Lie algebra. However, our scenario to derive 
IKKT model from Smolin's proposal is hand-waving, and it is an issue of interest and importance to pursue a 
more solid scenario. If we succeed in proving the embedding of IKKT model in a more natural way, we will be 
more convinced that Smolin's proposal truly exceeds IKKT model. 

5 gl{l\32,R)0 gl{N, R) Gauged Cubic Matrix Model 

We have seen a new proposal for the constructive definition of superstring theory in the previous chapter, and 
we have considered the cubic matrix model with the multiplet belonging to osp(l|32,i?) super Lie algebra. 
However, it is an interesting problem to consider the extended version of this model. The action we investigate 
here is named 'gauged' action in terms of Smolin's proposal |17j . The action is described by the following 
formula: 

33 32 

/ = — TrATxjv Mp^Mq'^MrP) - Ms^^Mq'^Mr^^) - — Tr^x at (5ir 33x33^3). (5.1) 

This action is characterized by the fact that we have promoted the tensor product of the two gauge group 
from that of Lie groups (x) to that of Lie algebra {(E)) ■ The difference of these two notions has been treated 
in Appendix. IA.5I This action is in this sense named 'gauged action' Although this action is deprived of 
the translation symmetry, the symmetry of this action possesses far larger gauge symmetry because the direct 
product is promoted to the tensor product of two matrices. 

Originally L. Smolin proposed this new version as a complcxification of osp(l|32, R) matrix model, and the 
super Lie algebra is taken to be u(l|16, 16). The complcxification of osp{l\32, R) matrix model has enriched the 
symmetry of the theory^^, and Smolin conjectures that this gauged theory may include loop quantum gravity 

ini- 

We investigate a real version of Smolin's proposal, rather than the original m(1|16, 16) multiplets. The matrix 
model we pursue can be obtained by the 'analytic continuation' of Smolin's proposal in two respects. 

• We adopt ,g^(l|32, R) super Lie algebra as a symmetry of this action. This is a super Lie algebra composed 
of real supermatrix. 

• We take the gauge symmetry of large N matrices as a real Lie algebra {N), rather than su{N). 

Throughout this chapter, we focus on the gl{l\32, R) (g) gl{N, R) gauge symmetry. In this section, we sometimes 
refer to the relationship between our argument and the features of u(l|16, 16) gauge symmetry, which is a cousin 
of our gl{l\32, R) (g) gl{N, R) gauge group. 

5.1 Definition of gl{l\32, R) Super Lie Algebra 

This section is devoted to introducing the super Lie algebra gl{l\32, R), noting the difference from the cousin 
m(1|16, 16) super Lie algebra, which is introduced as a complcxification of osp(l|32,i?) super Lie algebra. Here 
we make a bit of excursion of the complex w(l|16, 16) super Lie algebra, and then we define (?Z(l|32,i?) super 
Lie algebra and compare these two super Lie algebras. 

^'^In contrast to the gauged action, the action proposed in the previous chapter is named nongauged action. 
^*The meaning of the enhancement of the gauge symmetry is explained in Appendix. IA.5I 
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5.1.1 Excursion of u(l|16,16) Super Lie Algebra 

The very definition of tliis super Lie algebra is that 

If Me u(l|16, 16), then M^G + GM = for G= ( ^ "j. (5.2) 

That this is a complexification of osp(l|32,i?) can be seen from the following aspect. Unlike the osp{l\32, R) 
super Lie algebra, we do not restrict M to be a real supermatrix, where the reality of the supermatrix is defined 
as M = M* = (^M)^ . Therefore, we must replace the transpose by the hermitian conjugate. Note that in the 
real version the complex conjugate is equivalent to the transpose according to the property in Appendix. IA.3I 
We can confirm that the super Lie algebra u(l|16,16) actually closes in totally the same fashion as in 
osp(l|32, i?). The legitimacy of the metric also stems from the same logic as in osp(l|32, i?). We specify the 
element of u(l|16, 16) group according to the above definition. The result is that 

If M e ^i(l|16, 16), then ^ = ^ ) . (5.3) 

• w is restricted to be a pure imaginary number. 

• ,U/ii/i2 ^'^d are real numbers, while u, u^-^fj_^^^ and u^^...^^ are pure imaginary numbers. 

• Here -0 denotes tp^T'^. 

(Proof) This result is derived from the very definition of the super Lie algebra m(1|16, 16). The complex conjugate 
of supermatrices is defined in Appendix. I A. 31 

^ f "•;*)(: n + f : ° ) f ^ ?) ^ f -r."^:;" T^y: ) (5.4) 



• It is a trivial matter to understand that i; is a pure imaginary number from w + 1;^ = 0. 

• We first investigate the constraint of the bosonic matrix m. These are decomposed, as we have done in 
osp(l|32,i?) matrix model, in terms of the basis of gamma matrices: 

m — 7/1 4-7; r'^i + —II ^^1^2 I i_„, pA'lM2P3 I i_„, I }_„. pMl-'-Ms 

We utilize the relationship of the gamma matrices TYt^i-t^kY^ = j-pOppi -Pfc with the sign + for fc = 1,2,5 
and the sign — for fc = 0,3,4. The reveals that the coefficients must satisfy the following results. 

* (upj...^^,)* = for fc = 1,2,5. These are thus restricted to be real numbers. 

★ (tt^j...^^)* = — u^j...^^. for fc = 0,3,4 These are thus restricted to be pure imaginary numbers. 

• We investigate the relationship between two fermions t/j and (f)^ utilizing the result + F'^?/; = 0: 

ct>^ = (zFV)^ = {-i)i>\^T°) = {-t)ij\-T°) = (5.5) 
We can verify that this is consistent with the condition t/j^V'^ + i<f>^ = 0. 

We are thus finished with the determination of the elements of C/(l|16, 16) super Lie algebra. (Q.E.D.) 

The important property of u(l|16, 16) super Lie algebra is that these can be uniquely decomposed into 
the direct sum of two different representations of osp(l|32, i?). We introduce two different representations of 
osp{l\32, R) super Lie algebra 



w, u^i^2^3, iVaj ^■f^ G (pure imaginary)}. 
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And let H and A' be the element of Ti, and A' respectively. Because these are real (pure imaginary), 
these elements respectively satisfy = ^ H' and A'^ — ~'^A'. Therefore, these elements satisfy the following 
property 

^HG + GH^O, for H eH, '^A'g - GA' = 0, for A' e A'. (5.6) 

The set Ti. is, by definition, osp(l|32,i?) super Lie algebra itself. We investigate an important property of 
the subset of these two subalgebras. The commutation and anti-commutation relations are properties of grave 
importance in getting acquainted with the Algebras of these groups. 

{l)[Hi,H2]eH, {2)[H,A']eA\ (3)K,AyeH, 

{4){H^,H2}eA', i5){H,A'}en, i6){A[, A'^} e A' . (5.7) 
where H,Hi,H2en and A', A[,A^ e A'. 

(Proof) These properties can be verified by noting the properties ()5.6|1 . 

1. ^[Hi,H2]G = ^H2^HiG-'^Hi'^H2G = ^ H2i~GHi) Hi{-GH2) = GH2H1-GH1H2 = -G[Hi,H2\, 

2. ^[H, A']G = '^A''^HG - '^H^A'G = '^A'{-GH) - '^H{GA') = -GA'H + GHA' = G[H, A'], 

3. '^[A[,A'2]G = ^A'2'^A[G ~ ^^i^A^G = ^A^(GAi) - ^Ai(GA^) = - GA[A'2 = -G[Ai, A^, 

4. ^{Hi,H2}G = ^H2^HiG + '^Hi^H2G = ^i?2(-GiJi) + ^i/i(-Gi72) = GH2H1 + GH1H2 = G{Hi,H2}, 

5. '^{Hi,A[}G = '^A[^HiG + ^Hi^A[G = '^A[{^GHi) + ^Hi{GA[) = -GA'^H^-GH^A'^ = -G{Hi,A[}, 

6. '^{A[,A'2}G = ^A^^A'iG + '^A[^A'2G = ^^^G^i + ^^iGA^ = GA^^i + GA[A'2 = G{v4i,v4^}. 

This completes the proof of the above properties. (Q.E.D.) 

Utilizing these relations, we can discern that A', as well as H' is the representations of osp{l\32, R) and 
also that the algebra A' is a representation of osp{l\32, R) super Lie algebra by the commutation relation 
{2)[H,A'] G A' for H E H and A' G A'. This commutation relation states that A' remain in the super Lie 
algebra A' after the infinitesimal translation by the elements H ETC. In this sense, we can understand that A' 
is another representation of osp(l|32, R). 

The introduction of these two representations of osp(l|32,i?) teaches us the relationship of osp(l|32,i?) 
and m(1|16, 16) super Lie algebras. 7i(= osp(l|32, i?)) is a real part of u(l|16, 16) Lie algebra, while A' is its 
imaginary part. It is clear that the elements of u(l|16, 16) can be uniquely decomposed into the direct sum of 
n and A!. 

u(l|16,16) EEHe^l', (5.8) 
where © denotes the direct sum of two sets. 

5.1.2 Definition of g;(l|32,i?) Super Lie Algebra 

The definition of g^(l|32, i?) super Lie algebra is, per se, simple: 

J|k If M e 5^(1132, i?), thcnM=(^^ (5.9) 

• m is an element of the Lie algebra (?^(32, i?), id est, m is allowed to be an arbitrary 32 x 32 bosonic matrix. 
Decomposing this by the gamma matrices, this can be expressed by 

where the coefficients u^^... are all real numbers. 

• ■0 and (j) are independent fermionic vectors. Each of them possesses 32 components, and the components 
are fermionic real number. 

• w is also a real number. 
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The definition of gZ(l|32, R) states nothing. This definition just states that an arbitrary real 33 x 33 supermatrix 
is an eligible member of the super Lie algebra gl{l\32, R). Although this definition does not give any restriction 
to the elements, the correspondence with the complex group m(1|16, 16) is an interesting aspect of 5^(l|32,i?) 
super Lie algebra. Since "0 and are independent fermionic vectors, these can be rewritten as 

1p^1pl+Tp2, cj)^1pl-^2- (5-11) 

And the bosonic 32 x 32 matrices are separated by m — mi + m2, where 

mi = u^ir^'i + ^Upi/^aF^'''^ + where , u^j^^, are real numbers. 

m2 = Ml + ■^WA<iM2M3r^'^''^^ + where m, u^^^^^g , u^^...^^ are real numbers. 

Then, we define the sets 7i and A as follows. 

* n {M = ( ^"^1^ \ |mi = u,J^^ + ^u,,,,T^^^^ + ^u,,...,.V^--^\ 



The super Lie algebra gl{l\32,R) is clearly the direct sum of these two super Lie algebras 

gl{l\32,R) = n®A. (5.12) 

These two subalgebras are also the two different representations of osp{l\32, R) super Lie algebra. H is 
osp(l\32, R) itself, and the same super Lie algebra as in introduced in u(l|16,16). On the other hand, the 
subalgebra ^ is .4' = iA.^^ And the elements of these subalgebras readily satisfy 

'^HG + GH = 0, for H eH, AG -GA^Q, for A(zA. (5.13) 

And it is clear that these two subalgebras obey totally the same commutation relations as those of H. and A': 

il)[Hi,H2]en, {2)[H,A]eA, (3)[Ai,A2] e 

{4){Hi,H2} eA, {5){H,A}eH, {6){Ai, A2} e A, (5.14) 

where H,Hi,H2 £ H and A,Ai,A2 G A. The proof is completely the same as that of H5.7|l . and we do not 
repeat it. The commutation relation [7i,.4] G A indicates that is a representation of osp{l\32, R) super Lie 
algebra. 

Now, the relationship of the three super Lie algebras osp{l\32, R), m(1|16, 16) and gl{l\32,R) is clear. We 
have seen that both u(l|16, 16) and gl{l\32, R) are represented by the direct sum of two different representations 
of osp{l\32,R): 

w(l|16,16) = 7^®yl', gl{l\32,R) = n®A. (5.15) 

The relationship between A and A' is 

A' = iA^ UAeA, then iA G A'. (5.16) 

In this sense, we can regard gl{l\32, R) super Lie algebra as the analytic continuation of u(l|16, 16). Although 
we adopt a matrix theory with the gauge symmetry gl{l\32, R) unlike Smolin's original proposal |r7| . we note 
that gl{l\32, R) is a cousin of the original it(l|16, 16). 

2^This means that, ii A £ A, then iA € A' . 
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5.2 Promotion of the elements to large matrices. 

The grave difference from the non-gauged case emerges when we promote the elements of gl{l\32,R) super 
Lie algebra to large N matrices. In the non-gauged case, the multiplets of the theory are the generators of 
the gauge group OSp{l\32, R) x SU{N). And the same is true of IKKT model, with the gauge group being 
50(9, 1) X SU{N). However, this no longer holds true of the proposal of gauged theory jl7| . The meaning of 
gauged matrix theory is that the gauge symmetry is enhanced from the Lie algebra of the two gauge groups 
to the tensor product of the two Lie algebras of the gauge symmetry. The notions of the tensor product are 
defined in Appendix. I A. 51 

This property drastically changes the meaning of closed algebra. The Lie algebra of the gauge symmetry 
must close with respect to the commutator of the tensor products: 

[A(g)B,C(E)D] = C} (E) [B, D]) + C] ® {B, D}). (5.17) 

This clarifies the reason for the choice of the gauge group both for Smolin's original version and our 5^(1|32, R)(E) 
gl{N, R) gauge symmetry. We investigate the gauged theory one by one. We have seen the commutation relations 
of two representations of osp(l|32, R) super Lie algebra in 1)5. 7|l ( the version for its analytic continuation is the 
same, and this is listed in H5.14|l . ) We need the commutation relations oi N x N hermitian and anti-hermitian 
matrices, and these relations are listed in Appendix. I A. 41 including their proof But we repeat the result 
because these play an essential role in the analysis of the gauged Lie algebra: 

(l)[/ii, /i2] e A, i2)[h, a] e H, (3)[ai, as] e A, 

(4){/ii,/i2} e H, (5){/i,a}eA, (6){ai,a2} eH. (5.18) 

• Hermitian matrices: H — {AI E Mi\fxN{C)\M^ = A/}, h, ft-i/i2 belong to H. 

• Anti-hermitian matrices : A — {M £ Mnxn{C)\M''' — —A/}. a,ai,a2 belong to A. 

• In this context, we do not use the elements of the super Lie algebra H and A. Do not confuse this H with 
H E H and so on. 

5.2.1 Gauged version of osp{l\32, R) matrix model 

First we clarify the reason why we must complexify osp{l\S2, R) super Lie algebra in considering its gauged 
theory. The naive alteration of the product from the Lie algebra of OSp{l\32, R) x SU{N) gauge group to 
osp{l\32, R) (g) H never constitutes a closed set. It is due to the commutation relation 15.17|l Utilizing the 
commutation relations (|5.7II and (|5.18|) . we obtain '^^ 

[{H H), {H H)] = {{n, n} ® [H, H]) e {[n, n] ® {h, h}) = {A' ® a) e (h h). (5.19) 

This commutation relation teaches us that the set 7i (X) H = osp{l\32, R) (g) su{N) does not close, and thus is 
not an eligible gauge symmetry. 

In order to remedy this situation, we enlarge the gauge symmetry into {Ti, H) © {A' ® A). This is verified 
to be a closed Lie algebra by noting the commutation relation H5.19|l and 

[{A' «) A), {A' ® A)] = {{A', A'} (8) [A, A]) ® {[A', A'] ® {A, A}) = {A' «) A) © (H ® H). (5.20) 

This indicates that {H (g) H) {A' (Xi A) is actually an eligible gauge symmetry. We have clarified that 
osp(l|32, R)(S)su{N), which is the smallest closed Lie algebras including osp(l|32, R)^su{N), is not osp(l|32, i?)(8) 
su{N) itself but 

osp(l|32, R)(g>su{N) = {H(g)Jl)® {A' (g) A). (5.21) 

At the same time, this discussion teaches us how to promote the elements of c-number ?7(1|16, 16) to large N 
matrices. 

• The elements oi H — osp(l|32, R), the real part of u(l|16, 16) should be promoted to hermitian matrices. 

• The elements of A, the imaginary part of u(l|16, 16) should be promoted to anti-hermitian matrices. 

^'^We discuss where the commutators or the anti-commutators of the group belong, and we are sloppy about the coefficient i . 
Since we are now considering the complex version, we consider the group H and A' . 
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5.2.2 Gauged version of gl{l\32,R) matrix model 

We likewise investigate what gauge group oi NxN matrices is appropriate. First, let us consider the conventional 
gauge group SU{N). Noting that gl{l\32,R) super Lie algebra is a direct sum gl{l\32, R) — H (B A. We first 
consider the following tensor product as a candidate of the gauge symmetry: 

gl{l,32\R)(g)su{N) = (n®A)(g>ll. (5.22) 

It turns out that this set does not close with respect to the commutator (|5.17|l : 

[{H ®A)<»H,{H®A)<»U]^ {{{H ® A), {H ® A)} ® [H, H]) e ([(H ® A), {H ® A)] ® {H, H} 
= {{n®A)®A)®{{H®A)(g>li) = {H®A)(g>{ll®A). (5.23) 

This indicates that the gl{l\32,R) gauged cubic matrix theory closes if we enlarge the algebra of TV x iV matrices 
to the set of all Mjv(C) matrices. Id est, the set gl{l, 32|i?) (g) gl{N, R) is no longer an eligible gauge group but 

gl{l\32, R)(g)su{N) ^ (H® A) (g) {H® A) ^ .9^(1|32, R) (g) A/jv(C). (5.24) 

However, this gauge symmetry is too large. And we consider another choice of closed gauge group. If we 
take the gauge group to be MnCR) — gl{N, R), instead of Mn{C) = H A, the tensor product 

gl{l\32,R)(g) gl{N,R) (5.25) 

trivially constitutes a closed Lie algebra. In other words, gl {1\32, R)iS)gl{N, R), which is the smallest closed Lie 
algebra including gl{l\32, R) g) gl{N, R), is 

5/(l|32, R)(ggl{N, R) = 5Z(1|32, R) (g, gl{N, R). (5.26) 

Therefore, we choose to enlarge the gauge symmetry to gl{N, R) Lie algebra. This is an unhappy result, be- 
cause we must abandon the virtues of conventional SU{N) gauge group. Wc investigate the physics constituted 
by GL{N, R) gauge group in the next section. 

5.3 Novelty of GL{N, R) Gauge Group 

This section is devoted to the discussion of how decent a physics GL{N, R) gauge group constitutes. We usually 
consider such gauge group as SU{N), and IKKT model or Smolin's original proposal is no exception. The 
gauge group SU{N) possesses many virtues, such as the ability to construct a canonical pair [q,p\ = -t-i, and 
the compactness of the group. However, as we have seen in the preceding section, we have no choice but to 
pursue the unfamiliar gauge group GL{N,R), instead of SU{N) if we are to consider real 5/(l|32,_R) gauge 
group. Then it is necessary to gain insight into the physics of GL{N, R) gauge group, and we are interested in 
the decency of the world of GL{N, R) gauge theory. 

5.3.1 Generators and Structure Constants 

We consider a matrix theory with real gauge group GL{N, R). We explain this group by comparing the ordinary 
SU{N) gauge theory. For simplicity we compare a toy model GL{2, R) and SU (2) gauge theory. The generators 
of both Lie algebras are '^^ 

.GL(2,E):ri« = i(; j),T2« = i(j -l),T3«.i(j J . 

The generators of SU{N) Lie group are composed of only hermitian matrices by definition. However, this is not 
the case with the generators of GL{N,R) Lie group. As we see from the above trivial example, the generators 

^^We attach the subscript to the generators of GL{N, R) group here, just in order to distinguish them from those of SU{N). 
After this section we omit this awkward subscript. 
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of GL{N, R) includes anti-hermitian (and hence anti-symmetric, because this group is real) matrices. These 
generators are related with those of SU (N) by analytic continuation. In the above case, 




(5.27) 



Let us have a look at the properties of the structure constant of gl{N, R) Lie algebra. We define the structure 
constant /^^^ and d'^^ as a real number satisfying 

^rpaG^ ^ fl^^T'^G^ |yaG^ y&G| ^ df^^T"^ . (5.28) 

There are two major differences from the ■su{N) Lie algebra. First note that we do not have to multiply i. Since 
the generators are real matrix, their product is also a real matrix. This is different from the case of su{N) Lie 
algebra, in which the commutator of hermitian matrices arc anti-hermitian. 

The second difference from su{N) is that the cyclic symmetry of the structure constant no longer holds true 
of gl{N,R) Lie algebra^^. However, this difference does not matter because the frequently used quantities 

fG iG 
rpj.^rpaG^rj^bG ^ ^Gj ^ _ J abc j^^.^'jiaG ^rpbG 2^cG|^ abc 2g^ 

do preserve the cyclic symmetry, which is trivial from the cyclic symmetry of the trace. It goes without saying 
that the quantities and d^^^ are real numbers. 



5.3.2 Canonical Pairs in gl{N,R) Lie algebra 



We next investigate the canonical commutation relation of the Lie algebra gl{N, R). As we have seen in IKKT 
model or the osp{l\2>2,R) matrix model, canonical pairs play an essential role in introducing kinetic terms in 
the theory, and thus making a mapping rule into Yang-Mills theory. The existence of the canonical pairs is 
essential in considering such matrix model as IKKT model or Smolin's proposals. 

Originally we would like to seek the elements of gl{N, R) which satisfies [p, q] = —i, where p,q £ gl{N, R). 
However, it is clearly impossible to generate such a pair of matrices from a real algebra gl{N, R). Therefore we 
instead consider a following correspondence 



\p,iq] = +1 , where p, iq G gl{N, R). 



(5.30) 



This commutation relation can be achieved by using real matrices. Of course it is impossible to give such 

matrices of finite size which satisfies the canonical relation, and we need to approximate them by large enough 
matrices. The key to generate such matrices is the analogy from the creation-annihilation operators. We define 
two real operators. 



-^(p — iq), = "^{P + jwhere a, € gl{N, R). 



(5.31) 



These operators clearly satisfies a commutation relation as a creation-annihilation operators [a,a^] = 1. The 
basis of this large enough dimensional vector space is the excited state of the harmonic oscillator |n) such that 



a\n) = \/n\n — 1) , a'\n) = \/n+l\n+l). 
The infinite dimensional matrix representations of these creation-annihilation operators are 



(5.32) 
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(5.33) 



If we are to consider a background of D-branes, we need to consider the backgrounds such that 

ui=pi, U2 = iqi, U3=p2, Ui = iq2. 



(5.34) 



For example, /(js = 2, /231 = 2, and /gj'j = —2 for the above basis of gl(2,R) 
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Then, the noncommutativity of the background is different from the ordinary {SU{N) gauge) theory. 

] = B^^ , where e R. (5.35) 

The crucial difference is that the noncommutative parameter is not pure imaginary but real. We consider the 
correspondence between the matrix theory and NCYM. As we have already seen, the mapping rule from the 
matrix model to NCYM is 

x^' = C^'^u^, (5.36) 

where Cfj^v is an inverse matrix of B^^ such that B^"Cvp = 6^. The noncommutativity is then 

[x^',x•'] = C^'r (5.37) 

Note that the noncommutativity parameter is no longer pure imaginary, and hence the noncommutative con- 
tribution is now no longer a mere phase factor. The new Moyal bracket should be 

a{x) * b{x) = eMlc^^Q^Hx + + V)k=r,=0. (5.38) 

5.3.3 Pathology of Non-compactness 

Next, we consider the action of Yang-Mills theory in order to gain an insight into an important pathology of 
GL{N, R) gauge group. For simplicity, let us have a look at the action of the GL{2, R) gauge theory: 

E *^2x2[5^ + ^T'^G, 5. + AtT'^^r = - dvAlf - {d^Al - d.Alf + {d^Al - d.Alf}. (5.39) 

k=l 

Look at the sign of {d^A^ — diyA^)^. The coefficient is not 1 but -1, which means that the theory is no longer 
positive definite! Why does such a disease emerge? The answer lies in the fact that tr{T'^'^Y — while 
^^(rpiGy. _ fj,(rp3Gj2 = 1 In order to remedy this situation, we should perform an analytic continuation with 
respect to —{d^A^, — d^A^^)'^ by replacing iA^^. 

This example of Yang-Mills theory teaches us in a pedagogical way that GL{N, R) gauge theory reduces to 
an ordinary SU{N) gauge theory by analytic continuation. This is the physical meaning of GL{N, R) gauge 
theory, with which we are not familiar. These arguments reveal the physical interpretation of GL{N,R) gauge 
theory, and have given a confidence that this gauge group is not so malignant a pathology. 

5.4 Action of gl{l\32, R) ® gl{N, R) Gauged Theory 

The next job is to investigate the action of this theory. The basic idea is similar to osp{l\32, R) non-gauged 
cubic matrix model, and we proceed rather quickly. The action is 

33 32 



/ = ^Ttn^n i{Y.Mp^MQ''MRP)-Ms3'^MQ''MR^'') = ^TrNxN{Str33x33M^) 

^ Q,R=1 p=l ^ 

= — Str{M°-M^M'')Tr{T''T^T''). (5.40) 

^ a,6,c=l 

• M is now a multiplet of 5/(1132, i?) super Lie algebra, with each component promoted to the element of 
gl{N,R) Lie algebra. 

• As we have explained in the previous section, the indices P,Q,R, - ■ ■ runs P,Q,R, - ■ ■ = 1, • • • , 33, while 

P,Q,r,--- = '^,■■■,52. 

• Of course, this matrix model possesses no free parameter, totally in the same sense as osp{l\32,R) non- 
gauged cubic matrix model. 

• We do not need to multiply i in order to make this action real, because the gl{N, R) Lie algebra is real, 
so that the reality of this action is trivial. 
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• We have promoted the 33 x 33 matrix M to a large 33A'^ x 33iV matrices. However, the structure of the 
promotion is completely different from osp(l|32,i?) model. The gauge transformation is with respect to 
not the separate gl{l\32, R) and gl{N, R), but the tensor product of the Lie algebra gl{l\32, R)(^gl{N, R). 
This drastically enhances the gauge symmetry of the theory, in the sense explained in Appendix. IA.5I 
The gauge symmetry is thus 

For an arbitrary clement of u G g^(l|32, R) gl{N, R), the gauge transformation is M ^ M + [u. A/] 

• It is possible to rewrite this action in terms of the structure constant. The matrices M are rewritten using 
the basis of gl{N, R) gauge group: 

Mp'^ ^ {M'')p'^T''. (5.41) 

M° are 33 x 33 supermatrices with each component being real c-numbers, not large N matrices. {T"} are 
now the basis of gl{N, R) Lie algebra. The action is then rewritten as in H5.40|l . 

Note that the trace of the generators in (|5.40() can be written using commutators and anti-commutators. 
This can be easily performed using the structure constants introduced in H5.29|l : 

Tr^T'^T'^T-) = hrr{T-[T\ T^]) + i^r(^''{^^ T^}) = + d^bc). (5.42) 

We can now switch the large N matrix representation and the representation in terms of the color indices as 
follows: 

33 32 

^ QM.= l p=l ^ 

^ -^{fabc + dabc)Str{M''M''M^). (5.43) 
Ag^ 

In the case of gl{\\2>2^ R) ® gl{N, R) cubic matrix model, it is convenient to analyze the action in terms of 
Str{M''M''M'=) 

tr{m''rn'm'') ~ 3i0''m V - 3i^>''w'= - v^v^v". (5.44) 



the color indices Af = ( . -r^j ^ 1 . Computing the third power of this supermatrix, we obtain 



Therefore, this action is expressed by, using the components, 

1 
4"^2 



1 



<^ I ^ -^Tr(tr(m^) - 3i(t>rmp - 3i(l)ilJv - v^). (5.45) 

In this case again, the former formulation utilizing the color indices and the latter N x N matrix formulation 
is equivalent. In the following analysis, wc utilize the large N matrix description and again express the bosonic 
matrix m in terms of the basis of 11 dimensional gamma matrices 

m = zi + WT^ + i(Aj+^r (1 + r») + 4^"^r*(i - r«)) + + ^d,,,X''"^ 



1 

5!' 



+ 7T(4^.^..5r'"^^''Hi + r«) + /t^.,,(i-r»)). (5.46) 



However, we do not rely on the complicated expansion of the trace tr{m?) in our discussion. The explicit 
expansion is explained in full detail in Appendix. IB. 51 however the computation or techniques therein does not 
concern the following discussion at all. 
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5.5 Structure M = 2 SUSY 



We have investigated the SUSY transformation of osp(l|32,i?) non-gauged cubic matrix modeL It turned out 
the this matrix model possesses two-fold Af — 2 SUSY transformations each of which is to be identified with 
that of IKKT model. We investigate the structure of SUSY transformation for the gl{l\32,R)(S) gl{N, R) gauged 
theory. 



5.5.1 Effective Action 

Before the investigation of the SUSY structure, let us compare this gl{l\32,R) ^ gl{N, R) gauged model with 
osp{l\32, R) non-gauged model. The common feature is that both theories possess 64 fermionic SUSY param- 
eters twice as many as IKKT model. And it is a natural speculation that this gauged matrix model may 
possess two-fold N = 2 SUSY structures in the same sense as in osp(l|32, R) non-gauged model. The grave dif- 
ference is that it is impossible to introduce a SUSY transformation by a naive translation of the fermionic fields. 
Because we have excluded the commutator from the action, the naive translation is no longer a supersymmetry 
of the theory. And we require a maneuver to introduce an inhomogeneous SUSY transformation. 

In order to remedy this situation, we consider the physics in R^'^AdS* space^^, in which the radius of the 
hyperboloid is extremely large. This is called the 'Wigner-Inonii contraction, whose brief review is given in 
Appendix. El Just as we perceive the earth as a flat 2 dimensional space because the earth is much bigger than 
we, we consider the physics in apparently '10 dimensional' space because of the large radius of the hyperboloid. 
In order to consider this situation, we alter the action a bit, and consider the following action. From now on, we 
set the coupling constant g to 1, because this quantity does not play an essential role in the following discussion: 

/ = ^TrN^NStr{Mf) - R^Tr^^NStrMt. (5.47) 

We add the second term so that we can consider the Wigncr Inonii contraction. In other words, we altered the 
action in order for the theory to possess a classical solution (m) = RVK We can verify that this is a classical 
solution of (|5.47() without solving the equations of motion for the complicated explicit form in Appendix. IB. 51 
The equation of motion with respect to the matrix Mt is 

dl 

Mf - RH^z-^zz = 0. (5.48) 



dMi 

One of the classical solution is 

and the investigation of the theory in terms of this classical solution is equivalent to the Wigner Inonii contraction 
Then, we separate the original matrix between the classical solution and the fluctuation and the classical 
solution as 

M..(«, + M.(«r- (5^50) 

Then, the action is 

/ = -tr{{m + RT'^f) - i{4)miP + ^^v + i?0(l -|- r')?/-) - ^ _ R^{tr{m + RT^) - v). (5.51) 
3 3 

We ignore the terms of 0{R^), because this is just a constant. And we ignore the terms of 0{R^), because this 
is a linear term with respect to the fluctuation. Then, the action is expressed as follows: 

1 - - 

I = R{tr{m'^r'^) -v^ ~ i(t){l + r")?/;) + -tr{m^) i((/)TO?/' + vcjjtlj). (5.52) 

3 3 



^*The supercharge of this gauged theory is introduced later. 

^^In 0, the Wigner Inonii contraction on a ten dimensional sphere is investigated, but this discrepancy causes no essential 
difference from at all. 

^®This classical solution is impossible in the original ti(l|16,16) gauged theory, because the (33,33) component v is restricted 
to be an anti-hermitian matrix. If we are to consider the Wigner-Inonii contraction, one way is to consider the quintic action 

/„(i|lg 15) = ^Str{Mf) — StrMt. Then, the classical solution (A/) = ( "X" IjVxiV .„ 1 possible because 

iR (Xi 'i-NxN is now an anti-hermitian matrix. Another caution is that the gauge group must be not u(l|16, 16) (8 SU{N,C) but 
«(1|16, 16) (X) U (Af, C). If the gauge group is n(l|16, 16) (X SU {N, C), the linear term in 15.471 vanishes because the generators are 
Tr{T'^) = 0, and the Wigner Inonii contraction is impossible from the beginning. 
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In investigating this action, we do not rely on the disastrously complicated explicit form in Appendix. IB. 51 but 
we distinguish the fluctuation around the classical solution as follows. 

• The bosonic matter fields are distinguished into the following two terms m = me + nio 

-k nif. consists of the components of the even rank. From now on, we use the word 'rank' of the gamma 
matrices with respect to 10 dimensional indices: 

me = zi + wv^ + i(Q,,,ri*^ + D,,,,r'''^) + ^(G,,...,,r--^^ + i/,,...,,r--^^«). (5.53) 

-k mo consists of the components of the odd rank 

= + r«) + ^r^r(i - r«)) + -1-^{E\+Ir^^-^^ {\ + r«) + e^It^^'^'^h - r«)) 

+ ^(4+.^,r--Mi + r«) + /t^.,,r--Hi-r«)). (5.54) 

• Fermionic fields are decomposed according to their chiralities. 

The action is then written as follows. The proof is given in Appendix. IB. 61 

- ?(^i?(me + w)-0L + <^L(me + + (^lTOoVl + ^fl'Tio'^fl;) - ^-y^. (5.55) 

We now would like to integrate out the fields of order 0{R) and consider the effective theory, however, the 
obstacle is the cubic term tr{m'^). In order to exclude such a nuisance, we consider the following rescaling: 

mt = RT^ RV"^ + R-^m'^ + R^m'^, vt = R + v = R + Rrh', 

Following this rescaling, tr{mf) and (^^(m^ + w')'!/'l are excluded, because this is rescaled as 0{R~^). This 
theory is thus rescaled to be 

/ = (ir(mf r«) - v'' + tr{m',m'^)) ~ z(20i,V^^ + 0'Jm^ + v'^j, + ^W>L + ^Wo^'r)- (5-57) 

We integrate out the fields m^, V'i and 0'^ by Gaussian integration. Completing this action square, the action 
is 

I = tr{{m', + ^K'r« + z(V4<^l)r«)}2r«) - \tr{{m'^ + lii^'MYT^) 

- W + '-{h^R)f - \{^'Li^Rf - 2i{^'j, + \4>'l^oWl + IK^^'r) + \{^'l<^'rI (5.58) 

where we have utilized the fact that (F")^ — 132x32, and thus F** possesses an inverse matrix. The effective 
action is given by the following path integral'^^. However, this effective action vanish: 



dm'^dip'i^d(l>'j^dve ^ 



= -itr(m;4F«) + '-(tri-m'o'i^'MT^) + ^Woi^R) + litr^M'T^) - {^'M^) = 0.(5.59) 

That the first term vanishes is discerned from the anti-commutativity of the matrices m^ andF": moFf = -F" m' . 
Noting this fact, this term is rewritten as 

- \tT{m'o'T^) iir(m:fF«m'J ^^^'^ \tr{my^) = 0. (5.60) 

We will consider the physical meaning of this empty action later in this section. 

'^'^The analogy of this path integral is a following toy model. (i)For the action 5 = ax^ + hx -\- c, the path integral is = 
J (ixexp(-(ax^ + 6x + c)) = J exp(— a(a: + ^)^) exp(-c + cc exp(— c + |^). And thus the effective action \sW=^^-^^^. 
(ii)The second example is the following action, S = axy + bx + cy, with x, y being auxiliary fields. This integration is performed by 
= J dxdy exp{a{x + + ^) + '^nd thus the effective action is = — This holds even if x,y are Grassmann odd 
quantities. 
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5.5.2 Symmetry of the Effective Theory 



We analyze the effective theory (|5.59f) by investigating the symmetry of the fields. There are two kinds of 
transformations in the theory. 

First is the supersymmetry of this theory. As we have explained in the previous chapter, the SUSY is 
a transformation from fermions to the bosons and vice versa, and the SUSY parameter is restricted to be 
fermionic. We 'define' the supercharge of this theory to be an arbitrary fermionic matrix: 



X 
ie 



(5.61) 



If this is to be a bona fide supercharge, this must satisfy Haag-Lopuszanski Sohnius theorem H3.37|l . Here, we 
can see the miracle of the Wigner-Inonii contraction on the hyperboloid in 'Rp'^AdS spacetinie. Unlike the 
case of the non-gauged theory, the translation is trivially introduced. As we have seen in Appendix. [CJ the 
translation in the direction of a;* is introduced by the rotation in x^x^ plane. The generator of the translation 
is Pi = -^rijj. Using this fact, both of the statements of Haag-Lopuszanski-Sohnius are easily verified. 



• In considering the former statement, we consider the commutation relation of the two 'supercharges' 



ixe — \ ■- r, I and Qp,, = ( ._ ^ ]. The commutator of these charges is 



The bosonic 32 x 32 part is now obtained by i(xfj — pe). In order for these supercharge to be well-defined 
ones, this bosonic part must include the translation = -^^i^- We extract the coefficient of the gamma 
matrix Ti^ by the prescription in Appendix. IA.2.61 

(coefficients of Tiu) = — (^r^jx - er^up). (5.63) 

In order for this term to survive, the chirality of the following pairs (x <-> 77) and (e p) must possess 
the same chirality respectively. Therefore, it is possible to leave this coefficients non-zero whatever the 
chiralities of x and e are. An arbitrary fermionic translation thus satisfies the first statement of Haag- 
Lopuszanski-Sohnius theorem. 

• The second condition is trivially verified by noting the fact the the radius of the hyperboloid is large: 

[P„Q] - lim l[r,„,Q] =0. (5.64) 

Therefore, the supercharge H5.61|l is verified to represent a well-defined SUSY transformation: 

(supercharge) = Q = ^ ^_ q ^ • (5.65) 

The next transformation is the bosonic effect. For example, we must consider the translation of the bosonic 
vector fields Pi and the Lorentz transformations. The former is, of course, generated by ^iPij where 9i is a 
translation parameter. The latter is represented by the rotation on x'^x^ plane, F'^ . These transformations, 

including the effects of other ranks, is represented by the charge ' ^ 



b 

The charge of both fermionic and bosonic transformation is expressed by 

(5.66) 

The transformation of the matter field with respect to this charge is now given by 

. . 1 / [a,m + RT^+i{x<f>-ipe) _ -{m + Rr'i)x_+ atp - bijj + xv \ .f. 
^ \ ie{m + RT^)~i{4)a + ve) + ib(t) i{e^p - (f>x) + [b,v] J' ^ ' 
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These parameters are decomposed in the same manner as the matter fields, and consider the following 
rescaling: 

We next compute the transformation of each field, paying attention to the scaling law. The conclusion is 



6m', 


= [ae,m',] + [ao,m',] + 


^Wl'^'r + x'r<^'l) - iii'L^R + Xr^'l), 


(5.69) 


6m', 


= [ao,r«] + K,m;]+i 


'i^L^L-i^R^R), 


(5.70) 


H'l 


= -{m'oXR + m'^XL) + 


{ao^j'ji + ae^P'L)-b'^p'L+v'xL, 


(5.71) 


H'r 


= 2xij + «^k-fe^k 


- Kxl)), 


(5.72) 


5~4>'l 


= -2e-l + ((£>!:,)+ 6' 




(5.73) 


5(j)'ji 


= (4< + eWo) + fe^ 


t>'R - i4>La'o + ^k^e) - v'^'r, 


(5.74) 


6v' 




^'RX'L + ^'LX'R) + [b',v']. 


(5.75) 



We give the idea to derive the above transformations. However, we explain only the first two transformations, 
because the idea to derive the rest is therein included. 

• 6me. This is given by 6me — [a, m + i?r'] + i{x4> — 4'^)- In picking up these terms, we note the following 
two points. 

■k The formula of the product of the gamma matrices (|A.15|) indicates that only the product y^y^ or 
r°r° produces the gamma matrices of even rank. 

7k- The property in HA.8() and the decomposition in Appendix. IA.2.6l revcals that the fermions of different 
chirality produces the terms of even rank. 

Therefore, the surviving transformation is 

R-hm', = i?[ae,r«] + i?-i([ae,<] + [ao,m',] + iix'Le'n + x'r^l) ~ *(V^l4 + Xr^'l))- 

Note that the commutator [r'',r'^] vanishes. Then taking the limit R oo, we obtain the result. In this 
case, there is no term excluded by this rescaling. However, in the following analysis, we must exclude the 
subleading term. Then, we obtain the result (|5.69(l . 

• 6m',: This transformation is read off by the similar logic: 

RUm', = R^a,,T^]+R-^a,,m',]+R^a',,m',]+t{RhL4>'L+R'''4yR^'R)~^iR'h'L4>L 

Taking the limit R — > oo, the terms of 0{R^i) is neglected, and the transformation H5.70|l survives. This 
is of grave significance because this enables us to exclude the variables to be integrated out from the 
transformation of the remaining variables. 

• Performing the similar analysis, and distinguishing the fields with respect to the chiralities, we obtain the 
transformations of other fields (|5.71(l ^ (j5.75|l . 

Let us summarize the features of these transformations. 

1. In the effective theory, we integrate out to^, ip'j^, (j)'j^ and v' , while we leave m^, ip'j^ and 0^ unerased. 

2. The transformation of the remaining fields m',, ip'j^ and 0'^ always include the inhomogeneous translations, 
which do not depend on the matter fields. This is a virtue of the Wigncr-Inonii contraction, and the 
expectation value (M) is the source of these translations. 

3. The transformation of the remaining fields never involves the fields to be integrated out. This is because we 
have excluded the terms of 0{R~'i ) by taking the limit R oo. This is also a virtue of the Wigner-Inonii 
contraction on a very large hyperboloid in AdS space. 



(5.68) 



57 



These results possess two major significances. First is that this reconfirms that the effective action H5.59|l 
vanish. Because of the second and third features, the effective action is invariant under the transformation of 
the fields m^, tp'j^ and 0^. Therefore, the effective action makes no difference if we translate these fermions 
arbitrarily. Taking the fields m'^, if)'^ and to be all zero, the effective action is = 0. Therefore, the effective 
action remains W = even if we translate these fields into non-zero values. 

The second significance is that this clarifies the structure of the SUSY of the effective theory. This gauged 
theory originally possesses no trivial translation like osp(l|32,i?) non-gauged model, because this theory is 
deprived of the symmetry of the commutator. However, the miracle of the Wigner-Inonii contraction introduced 
an inhomogeneous translation of the fields by considering the translation in the direction of cc' . The following 
table summarizes the way the SUSY parameters involve the SUSY transformation of the remaining fields. 





XL 




XR 


eR 




H 


X 


I 


X 




X 


/ 


X 


H 




H 


X 


X 


H 



• H means that the SUSY parameters are included in the transformation in a homogeneous way, id est, the 
contribution of the parameter vanishes without the matter fields. 

• / means that the SUSY parameters arc included in the inhomogeneous way. This is a translation inde- 
pendent of the matter fields. 

• X means that the SUSY parameters are not included in the transformation. 

• The inhomogeneous translation of the matter fields is supplied by [F" , Oo] , the translation in the direction 
of x^. 

The SUSY transformation of these remaining fields is obtained by extracting only the transformation with 
respect to the fermionic parameters from (|5.70|l . (|5.72|) and (|5.73|l : 

SrK^tix'J'L-^'Rl'j,), = 2xi^ - Kxl), <50i. = -2el-t-(e-'^m'J. (5.76) 

We speculate that this structure is identical to the two-fold J\f = 2 SUSY transformations, and consider the 
following correspondence between the fields of rank 1 and the vector fields of IKKT model. 

Correspondence between A'^^ ^ and (xLt el) 

We first consider the transformation of the vector fields by these SUSY parameters. We define a SUSY trans- 
formation S^} and SjP^ as follows: 

= [Qx., Sif = [g,,, I),']. (5.77) 

The former is regarded as the homogeneous transformation, and the latter is the inhomogeneous translation, 
form the correspondence in the above table. We first consider the transformation of the matter field. As we 
have seen, the contribution of the SUSY transformation of left chirality is Sm'^ — > ixL(l>'L: Using the prescription 
in Appendix. IA.2.61 we obtain 

= ^tKm0i.r,) + g-ir(zxL^^r.j) = -^^Lm - r»)xL = o, 

= ^H^XL4>'L^^) - ^tritXL^'^T.^) = ^^^Lm + n)XL = -^4>'L^^XL■ (5.78) 

The inhomogeneous translation of course do not affect the transformation of the vector fields. This clarifies the 
correspondence between the fields A'^^ ^ and the fermions 0^ . 

We next consider the commutator of these transformations. We have seen a complicated structure of the 
commutator of the SUSY transformation in osp(l|32,i?) non-gauged theory. Especially, the commutator of 
the two homogeneous transformations was a grave nuisance, and this caused many unfavorable structures. 
However, this is not the case with the SUSY structure of the gauged theory. The correspondence of the SUSY 
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transformations is now crystal clear. The commutators of the two SUSY transformations of the same kind 
trivially vanish: 

nVfl n^L-l-O, (5.80) 



where we have utilized the relations (|4.49|) . These relations hold without any room for the impurities to be 
involved. We next investigate the commutator between the homogeneous and inhomogeneous transformation. 
Since the commutator of the charge is 





XL \ 














j 






i=( 







the commutator of these SUSY transformations with respect to the bosonic fields is 

[^'2' '^.^'^IK + i?r«) = *[(xLeL), m'„ + i?r«]. (5.82) 

It is trivial that this commutator with respect to the fermionic fields vanish. We would like to extract the SUSY 
transformation with respect to the fields 



= ^eir^uXL - ^eL["io,ri]xL = ^eL^iXL- (5.83) 

The term eL[mg,ri]xi is understood to vanish, because the commutator [rTiJ^jFi] produces only the gamma 
matrices of even rank from the formula (|A.15I) . And considering the relations ljA.81) . this term is prohibited 
from existing in this contribution. 

Correspondence between A^^^^ and {xRt ^r) 

The analysis goes in the same way as in the previous case. The above table indicates the homogeneous and 
inhomogeneous SUSY transformation is 

C = [Q^.- = o)'-]' 4^i-[^?x«,-] = [(o ?)'•]• (5-84) 

Since the transformation of the bosonic matter field with respect to the SUSY transformation of right chirality 
is Sm'g — > ~i4''u^R , the transformation of the fields is as follows. 

s^]^4+^ = ^iK-#WrO + ^iK-#Wr.j) = ^eflr,;(l-r„)^^ = ^e-flr,;V'k, (5.85) 

Likewise, the inhomogeneous translation does not affect the bosonic fields. This clarifies the correspondence 
between the vector fields A'/^'' and the fermions ipR. 



It is again clear that the commutators of the SUSY transformations of the same kind vanish 

\ / 



Utilizing the commutation relation [i5en = ■- ^ ' '^O ) ~ 1 ^^^^^ |j ^ , we obtain 

[C^ 4'i]K + ^r«) - -t[ixR-eR),m', + i?r«]. (5.88) 
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Therefore, the commutator of these SUSY transformations with respect to the fields of rank 1 is 

iR_ i _ , iR_ 

^ 16 + ^6^^^"^°' ^'^^^ ^ J^£R^^XR, (5.89) 

[^(l) ^(2)l^'(-) = 

where efi[m'^,Ti]xR vanishes because of the same reasoning as before. 



Structure oi Af — 2 SUSY transformation 

The transformation of the fields A^{^^ and the commutator of the SUSY transformation clarifies the structure of 
the SUSY transformation. First, we have clarified the correspondence between the fields A'/*-* and the chirality 
of the fermions. The correspondence is the same as the osp(l|32, R) non-gauged theory. 





bosons A'^ (IKKT) 


fermions ?/'(IKKT) 


SUSY parameters 


SUSY I 




^'r 


Xr, Cfl 


SUSY II 


4-^ 




XL, cl 



And the corresponding SUSY parameter is of the same chilarity as the corresponding fermionic fields. In 
the same sense as in osp(l|32,i?) model, we have constructed two Af = 2 SUSY structures by deriving the 
commutation relations of the SUSY transformations H5.83(l and (|5.89(l . to be identified with IKKT model. 
The original 64 SUSY parameters are happily separated into two groups each of which comprises 32 SUSY 
parameters. 

The gauged theory analyzed by means of the Wigner-Inonii contraction is much more beautiful than in 
osp{l\32, R) non-gauged theory. In the previous section, we have seen that osp{l\32, R) non-gauged theory 
does not completely reproduce the SUSY structures of the IKKT model. The commutator of the supercharge 
produces not only the translation of the vector fields but also included the impurities W, Ci^i^ and Hi-^...i^^^. 
And furthermore the two-fold M — 2 SUSY structures were not independent of each other. However, the 
analysis by means of The Wigner-Inonii contraction solves these problems splendidly. In the gauged theory, 
these two diseases are completely cured, and the two SUSY strictures are now regarded as independent. This 
happy result is predictable from the fact that the gauged theory possesses a gauge symmetry much richer than 
that of the non-gauged osp(l|32, i?) model. 

However, there are two problems with this effective theory. First is that the matter fermions subject to the 
homogeneous SUSY transformation is different from the fermions which is translated by the inhomogeneous 
SUSY transformation. This discrepancy of the fermions is discerned from the table given above. For example, 
with respect to the SUSY xl, el), the fermion -0^ receives the homogeneous transformation, whereas 

(/)^ receives the inhomogeneous transformation. We have yet to gain insight into the physical interpretation of 
this discrepancy, and it is unclear how we should cope with this problem. 

The second problem is that the effective action obtained by integrating out the fields m^, -01,, 0'^ and v' 
vanish completely : W = 0. Even if we have identified the SUSY structures of this effective theory, the effective 
action possesses only an empty structure. This is a serious problem, however there are two interpretations of 
this situation. First is to interpret that this effective action becomes zero just to the order^^ 0{R~'^). In other 
words, our analysis just says = -I- 0[R~'^). We cannot abandon the possibility that there may emerge a 
non-zero contribution in the lower order. If we succeed in the analysis of this order, the structure of the action 
to be identified with IKKT model may lie in the world of the lower order. The second interpretation is that 
this situation may be related to the suggestion of topological matrix model [S]. Hirano and Kato made a bold 
proposal that IKKT model is induced from aught, though it deviates from the proverb 'Nothing comes out of 
nothing'. Even though their proposal may sound perverse, this is related to the topological symmetries of IKKT 
model. Their proposal may be related to the scenario to derive IKKT model from this gauged cubic matrix 
model. 

Even though the scenario to induce IKKT model from this model is tougher than in osp(l|32,i?) cubic 
matrix model, this model has a great advantage that the two-fold N = 2 SUSY structures are realized much 
more beautifully than in osp(l|32,i?) model, because of the vast symmetry. 

These are distinguished as m,e in the contemporary context. 
^^Note that the order in the following discussion is for the theory before the rescaling. 
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5.6 Summciry 



Wc have considered the gauged cubic matrix model as an extension of the conventional suggestion of the 

non-gauged theory. 

• We have investigated the gauged cubic matrix model with the gauge group gl{l\32, R) (g) gl{N, i?), which 
is the analytic continuation of the conventional Smolin's proposal ^(llie, 16). Both gl{l\32,R) and 
m(1|16, 16) are constructed by the direct sum of the two different representations of osp{l\32, R) super Lie 
algebra. Although this model is deprived of a symmetry of the commutator, this model possesses a gauge 
symmetry much richer than that of the non-gauged theory. 

• We have investigated this theory by means of the Wigner-Inonu contraction. 

★ This gauged theory also possesses the two-fold M = 2 SUSY structure. 

★ The effective action happened to vanish W = Q. 

The scenario to derive IKKT model from the gauged action, which is the first step for these model to exceed 
IKKT model, is still tougher than in the non-gauged IKKT model, however the vast symmetry of this theory is 
a splendid aspect of this gauged theory. The investigation of this model, paying attention to the conventional 
matrix model, is an interesting issue to pursue. 

6 Concluding Remark 

We have hitherto investigated the possibility that the matrix model describes superstring theory. This idea 
stems from the attempt to describe string theory in terms of large N matrix in the late 1980's. These works 
just succeeded in describing bosonic string theory in a very low spacetime dimension. The extension to this idea 
to superstring theory was not successful because of the same difficulty that we are faced in describing chiral 
fermions in lattice gauge theory. These works were far from describing the real superstring theory residing 
in 10 dimensional spacetime. However these works gave a way to describe the nonperturbative behavior of 
string theory, and the exact solution is obtained by a non-linear differential equation named Painleve equation. 
Although this is a mere toy model, these works gave us a confidence that the nonperturbative behavior of 
superstring theory may be described by matrix model. 

In the late 1990's, the description of the nonperturbative superstring theory has become a more fascinating 
issue because the discovery of D-branc has clarified that different kinds of superstring theories are in fact 
related with each other by duality. At that time, there has emerged a belief that the constructive definition 
of superstring theory is 'Theory of Everything', which unifies all the interactions in the universe. The most 
powerful existing proposal for the nonperturbative description of superstring theory is IKKT model. 

In this paper, we have attempted to construct a matrix model exceeding IKKT model. The clue to this 
challenging issue is the proposal of L. Smolin. He conjectured that the cubic matrix model described by 
OSp{l\32,R) X SU{N) gauge group and its gauged model may be the clue to the new theory truly exceeding 
IKKT model. We have investigated these model, especially paying attention to the structure of supersymmetry 
and the way IKKT model is embedded. 

We have discovered that both the non-gauged osp{l\32, R) model and the gauged gl{l\32,R) (Si gl{N,R) 
model possess two-fold structures of TV = 2 SUSY of IKKT model. This is a predictable result, noting that 
these theories possesses 64 fermionic SUSY parameters. This may indicate that the world described by this 
model may include two worlds of IKKT model. 

However, it was a tough problem to induce the action of IKKT model from these cubic matrix model. We 
have yet to obtain a definite scenario to induce IKKT model from these cubic actions. This issue is the first 
step to assert that these cubic models truly describe superstring theory. 

These matrix models suggest many other interesting issues than we have treated in this paper. 

• These two-fold SUSY structures are reminiscent of the brane world scenario, in which there arc two 4- 
dimensional worlds described by D3-branes in the extra dimensional spacetime. Investigating the two 
worlds of IKKT model, we may derive a relationship with the conventional brane world scenario. 

• These models are formulated in 11 dimensional spacetime, and may enable us to treat the curved 10 
dimensional spacetime. This is an impossible problem in IKKT model, because the theory is described 
in 10 dimensional flat Minkowski space. These models have a possibility to describe such curved space 
as Si X R^ or AdS^ x spacetime. The description of AdS5 x space is an interesting problem, in 
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connection with AdS/CFT correspondence W . The direct test of AdS/CFT correspondence has been 
attempted by investigating the strong-couphng region of A/" = 4 SYM theory ^1] J2| ■ These models may 
play an essential role in describing the whole region of the coupling constant of the string theory. 



• As we have mentioned at the beginning of Sec. 4, this model is related to Chern-Simons theory by a due 
compactification. This indicates the possibility to describe the nonperturbative behavior of superstring 
theory exactly by means of Jones Polynomial "7^. If you succeeded in this issue, you can be Brezin and 
Kazakov in superstring theory. 

Mankind has yet to grasp what is the true 'Theory of Everything' These cubic models described by 
osp{l\32, R) (or its extension), which is the ultimate symmetry group of M-theory, may be an answer to this 
ultimate and most difficult question of elementary particle physics. 

Acknowledgment 

It is my great pleasure to acknowledge the collaboration and the advice to complete the present work. I would 
like to express my sincere gratitude to Prof. H. Kawai for his ardent guidance. The discussion with him was 
literally an eye-opener, and I find his perusal of this manuscript quite an asset for me. And I would like to 
express my thanks to Prof. S. Iso and Dr. Y. Ohwashi for the collaboration. 

A Notation 

A.l Definitions of the Gamma Matrices 

We follow the conventions of j^] . The gamma matrices obey the Clifford algebra 

{r^,r'^} = 2??^'', where 77'^'^ = rfmg(-l,+l,- • •,+!). (A.l) 
The explicit forms of the gamma matrices are as follows: 

r^{t _;),r.o.r..(° ^ ) , ^ ( ^ -/ ) • <-) 

where / is a 16 x 16 unit matrix, and 7* are 16 x 16 matrices following the Clifford algebra {7', 7-'} = 2(5*-' , so 
that these matrices obeys 

(rY = -i, (r'^)2 = i(M = i,2,---tt). (A.3) 

The transpose of the gamma matrices is, as is clear from the explicit form l|A.2|l . 

Tpo^„po^ ^r« = r«. (A.4) 

The gamma matrix P' is originally defined as 

r« = p0pir2...r9, (A.5) 

so that the following property holds: 

(r«)2 = pOpl . . . pSptt = (_i)9+8+... + l(p0)2 . . . (p9)2 ^ (_^)46i ^ ^ (^.6) 

A.2 Miscellaneous properties of the Gamma Matrices 
A. 2.1 Chirality of Fermions 

We have defined the gamma matrices P' in the previous section. This notion is deeply related to the chirality 
of the fermions. The fermions with left and right chirality is in this paper defined as follows: 




We next introduce some relationships of the chiral fermion we frequently utilize in the analysis. Let the gamma 
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matrices r° and be of odd or even rank with respect to 10 dimensional indices respectively. Then, the 
following relationships stand: 



(l)XLr^eL = XR^'eR = 0, {2)xLr°eR = Xflr°eL = 0. (A.8) 

(Proof) These relationships can be verified by writing the contributions of the fermions explicitly. 

1. The former is shown to vanish by the following computation. Let fc be a positive integer, and thus 2k be an 
even number. The indices ii, 12, ■ • • i2fe runs 0, 1, • • • , 9: 

= ^x^^ror--'=e = o, (A.9) 

= ^ \ rap^-'^^e^O. (A.IO) 

2. The latter properties can be shown in the similar fashion: 



T 



1 + 1 - 



X- 



ropi-^2fc-ie = 0, (A.ll) 
= ^x / t r"r^ -'--^e^o. (A.12) 



Thus, we have verified the relationships l|A.8|l . Note that the proof makes no difference even if the indices of or 
r° include ft (for exam pie, pit or because r" serve only to flip the sign of Xfl. id est, r'xL = Xl whereas 

r«xfl, = ~Xfl. (Q.E.D.) 

A.2.2 Duality 

We exhibit the way to describe the product of d gamma matrices in term of the product of (11 — d) gamma 
matrices. Before that, let us settle the conventions: 



• Epsilon Tensor : eoi23- -9(i — 1, so that e"i23 - tJ — _i 

• Antisymnietrized Gamma Matrices : r^i- -^'= = i Y^cres^ sgn{a)r'^''(^>r'^''(^> • • • T^- 



Under this convention, we obtain an important property: 



k(k+i) 

^ — (10 — fc)! /ifc+iAifc+2- Mr (±^.-LO) 



This property can be understood by comparing the sign of r"^^" ''' and jjqz:^,^^^^ "^^{k+i)---i = — r('^+^^ ' ''. 
Suppose that T^^^-'^ = -arC^^+i'"* .Of course, T^^^- '^ = T^T^ • • •T'^. Then multiplying T^^^-k from the left 
on the both hand sides, we obtain 

(p012.../c)2 ^ (_^)/c+... + l(p0)2 . . . (pfc)2 ^ ^ _^pO . . . pj ^ 



*'^For example, F*" or F'^*^ is abstractly expressed by F°. On the other hand, F" or F*^ belongs to the family F*^ 



63 



Therefore, we understand that the relative sign is a = (—1) = 



A. 2. 3 Multiplication law of the Gamma Matrices 



Next we exhibit another frequently used property of the gamma matrices. The products of r^^'*^ "'*'" and 
r-^it^2 -.^„ is known to be 



p/il---/i„lpl/l---l/„ 












+ (-1) 


{7n-~l)-\-{77i- 




(A.15) 




+ (-1) 


(m — l) + (m- 




' ' ' ; 



where the indices /ii, • • • , //„ and i^i, • • • in the right hand are antisymmetrized. For clarity we give a simple 
example of this notation: 

TT^'^ = r^'^ + 2(-i)i-i?7'i^r'=i = r^'' + rj'^r'' - ?7''=p. (A.ie) 

A. 2. 4 Flipping Property of the Fermions 

We next investigate the properties for the ferniionic field. This section is devoted to the proof of the following 
properties 



(l)For fc = 1,2,5 = 






(A.17) 


(2)For fc = 0,3,4 = 






(A.18) 



where fc is a rank of the gamma matrix and x and rj are both Majorana spinors. 
(Proof) First we prepare some basic properties frequently used in this proof: 

{a){T°f = -l, (6)fF0) = -F°, (c)f F^ = F\ F«) = F«, (A.19) 

which is immediately understood from the definition of the gamma matrices. We utilize these properties in computing 
the flipping properties. From the above properties, it is easy to verify that 



F°fF^)F° = F^. (A.20) 



. For /i = 0, rO(^FO)F" -(FO)^ F^. 

• For /i = l,---9,tt, the reasoning is a bit different from the previous case. F"('^F'^)F0 ^''^''^ r^F'^F" 

Utilizing this property, we obtain a following relationship which plays an essential role in the proof of the flipping 
property, 

pO^Tp/ii---/ifc^pO ± (^_J^)'=-l(^p0^2"pftfc^pO-j _ ^pO^Tp/ii-jpO-j t± (^_-[^^fe-lpA'fc---A'i 

*^* (-i)'=-i(-i)^^F^i-^'' = (-1) — -2 — (A.21) 

• * : We first rewrote the gamma matrix ^^r^i -A^fc = (Tp^k )(TpMfc_i ^ . . . (^Tp^n ) ^^id then we inserted 
(F")2 = -1 for each of the (fc - 1) intervals between ^F^' and ^F'^'-i with / = 2, 3, • • • , fc. 

• : We have utilized the property (pr20|) for each of (F''(^F^' )F") with Z = 1,2,- • - fc. 

• * * * : We have changed the order of the indices of F'^ '^. Since r*^ is anti-symmetric with respect to the 

fc(fc-i) 

exchange of the indices, we gain another factor of (—1) 2 
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Having this property of the gamma matrices in mind, we enter the proof of the flipping properties: 



(k+2)(k-l) ^ ^ „ (h) (k + 2)(k-l) 

m — ^ -{^T])CT"){T^'-t"')x ^ -i-l) — ^ ^fyr^i-^^x- (A.22) 

• * : We have rewritten the barred quantity as x = X^T*^ — ^x^'^ 3rid inserted (r°)^ = —1. 

• ** : We have taken an over all transpose. Since this quantity is not a 32 x 32 matrix but a c-number, the 
overall transpose in itself gives the same quantity. However, be cautious of the fact that we have flipped the 
two fermionic numbers in the transpose. That is the reason we must multiply (-1). 

Let us note the power of (—1). On one hand, — (— 1) * ^ 2 - = — l for k = 1,2,5. On the other hand, 

, (fc + 2)(fc-l) 

— (—1) 2 =1 for k = 0, 3, 4. This completes the proof of the properties (|A.17|) and HA.18|I . (Q.E.D.) 
A. 2. 5 The Trace of Gamma Matrices 



^Prop^lUh^amm^TTatnc^ 

[Proof] We verify the tracelessness of the matrices one by one. 

• The tracelessness of are trivial from the explicit form (|A.2|) .The tracelessness of F'"''^ and F^'''^'"^ is clear, 
because these are composed of the product of an odd number of traceless matrices. 

• For F'"', the tracelessness readily follows from the cyclic rule of the trace. That is, ir(F'"') = itr(F^F'' — 
F^F*^) = 0. 

• The tracelessness of F^'^'^'' can be understood in the similar fashion to to second case. ir(F^F''F'^F'') = 
tr{TT^TPr^^) holds because of the cyclic symmetry of the trace. However , F^"^'' is defined in the Sec.l. 
sgn(1234) = +1 while sgn{2341) = -1 , and it follows that triV^^P) = 0. (Q.E.D.) 

A. 2. 6 The Decomposition with respect to the Gamma Matrices. 

We introduce a technique of decomposing an arbitrary 32 x 32 matrix W in terms of the basis 1, F^, • • • , F''i "^= . 
For simplicity, let X, F, ••• denote in general all the indices 0, • • • , ^i/j,2/l(3/l(4/j.5( denotes 132x32)- The 
properties introduced in Appendix. I A . 2 . 31 and I A . 2 . 51 arives 

—tr(ll) = — tr(F„F^) = ^tr(F„, „,F^i^^ ) = ^tr-(F„, „,„,F''i^^^n 

32 V ; 32 ^ ^ ^ 32 X 2! ^ ^"^^ ' 32 x 3! ^^^^ 

= — ^i»'(ru,...u4F^i-^'') = — 3_tr(F„,...„.F'^i-'^^) = 1, (A.23) 
32 X 4! ^ ^"^ 32 X 5! 

where the duplicate indices do not give a summation. And if we take different indices X, Y , the trace is given 

by 

tr{T^T^) = for A 7^ r. (A.24) 

These results give the orthogonality of the gamma matrices with respect to the 32 x 32 trace. Suppose an 
arbitrary 32 x 32 matrix W is expressed by 

W = A1 + A,,TP + i^^^^.F^'^^^ + ^^A^^^^,,,T'^-^^P^ + 1^^^...^^F'^--^- + ^^A,,...,,T^^--pk (A.25) 

Then, the orthogonality of the gamma matrices enables one to pick up the coefficients of the gamma matrices 
as follows: 



A = yr{W), A^^^riWT^), 




-^^KWr^iM2P3), 






(A.26) 
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And we present the proof of the formula of the Fierz transformation (|;-{.29(l , as an example of the utility of 
this decomposition. However, we note that the denominator is not 32 but 16 because we limit the following 
argument to the case of the Weyl fermion in 10 dimensions. When we write explicitly the 16 x 16 indices, the 
left-hand side is 

eir,Vr^"e2 - {er{rj)JM^'^)i'^2S = -{r'h\eie2)s" {T (A.27) 

Here, the minus sign emerges because we have flipped the order of the Grassmann odd fermions. And (£162)5" 
is a 16 X 16 matrices and we expand this in terms of the Gamma matrices as 

^ (eirfe,...fe,e2)r'=--'=^ + — 1— (eirfc,...fc,e2)r^^-'=^ (A.28) 



16 X 4!' ' 16 X 5! 

We note that only the gamma matrices of rank 1 and 5 survive for the following reasoning: 

• The gamma matrices of even rank vanish because the fermions are Weyl ones. We set all the fermions to 
be of the left chirality, and e\ = eip: 

_ , i-r« .,...fc,„i + r« _ i-r» i + (-i)^"T» . 

eil £2 — eio — ^ — 1 — ^ — £20 — £10 — ^ ^ 1 £20 

= £10^^^ l_r'=i-'=-e2O = 0. (A.29) 

• We ignore the terms of rank 3 because of the flipping properties described in Appendix. IA.2.41 Since we 
are now looking at the difference liT jipV^^ £2 — e2TjtpT^^ ei, this contribution cancels. 

And we perform the computation of the gamma matrices as 

r^^r^r, = rHVkj + mi) = (-^/r^ + 2r\. - r^,^i^\ + + v\ "'C'" iv^' - 9f]\ 

= 7{rkr^rj\)-9Tj\ = 7Tkr-167j\, (A.30) 

= -{-V'^'^jk^-k, + V^jT'k^-k, - 5T]j[k^r^ k2-k,]) + 5(rfei...fe5 " V\k2^k^k3kik,]) 

= -Tk,W + ^v\kSk.-k,]^rk,...k,T\ (A.31) 

When we substitute (|A.28p . ljA.30p and HA.31|I into ljA.27|l . the computation of the Fierz transformation goes 
as follows: 

£ir,vr'^£2 = -(r-'')/(ei£2)r(r,)o''V/3 

= -l(f-irfe£2)(r^r'=r,)7A - —L_^^^^rk,...k,e2)ir'r'''-'''r,)^ + (rank 3 term) 

= £ir£2i^ - -^£ir'=£2rfcrV - — ^£ir'=i-'=^£2rfe,...fc,rV + (rank 3 term), (A.32) 
Id lb X 5! 

and we complete the proof of H3.29|l . 
A. 3 Supermatrices 

This section is devoted to introducing the definitions of the notion of supermatrices. In treating supermatrices, 
there are many points we should be careful about, because what holds true of ordinary matrices is not applicable 
to the supermatrices. 

A. 3.1 Transpose 

We first introduce a notion of the transpose, emphasizing on the difference from the ordinary matrices. In 
considering such objects, it is extremely important to settle the starting point, because the other notions are 
defined so that they are consistent with this starting point. 
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Transpose of Vector 

The guiding principle in considering the transpose of the supermatrices is the transpose of the vector. 



• The guiding principle is that the transpose of a vector is defined as 

{xi,---,x„). (A. 33) 



We denote {xi\ as the components of v, and these components mean both bosons and fermions. 
• We define the vector as u = f ^ j where r/ and h are fermionic and bosonic real fields respectively. 



Transpose of Supermatrices 

The transpose of supermatrices must be defined so that the definition is consistent with the transpose of a 
vector. Therefore the transpose of a supermatrix must satisfy 

^{Mv) = ^w'^M, (A.34) 

where M is a supermatrix and w is a vector. Following this rule, the transpose of a supermatrix is defined as 
follows. 



• a and d are bosonic (i.e. Grassmann even) m x m and n x n matrices, respectively. 

• P and 7 are M x n and n x m fermionic (i.e. Grassmann odd) matrices , respectively. 

• rj (b) denote the upper m (lower n) bosonic(fermionic) components of the supervector respectively. 



Mv^i ). (A.36) 



(Proof) This can be verified using the very definition of the transpose. 

arj + 13b 
jrj + db 

Then the transpose of this vector is by definition 

^{Mv) = [^ifa + ^b^(3, -^77^7 + ^b^d) = ^v^M. (A.37) 

The point is that the sign of 777 has changed because these are Grassmann odd. Noting this fact, we can read off 
the result ijOs)! . (Q.E.D.) 

We have one caution about the transpose of the supermatrix. The transpose of the transpose does not give an 
original matrix. This 'anomalous' property can be immediately read off from the definition of the supermatrix 
ir05t : 



TfT 



Transpose of Transverse Vector . 

We have seen an important fact that the transpose of the transpose of a supermatrix does not give the original 
supermatrix. In fact, the same holds true of the transpose of the transpose of a vector. Conclusion coming first, 
the definition is 
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We confirm that this is actually a well-defined settlement. This notion is defined so that 

^{yM) = ^M^y, (A.40) 

where y is a transverse vector y — {rj, b) and M is a supermatrix M = ^ ^ ) ' compute both the L.H.S 
and the R.H.S and verify that they actually match if we follow the above definition. 

• L-H.S. : -iyM)^-i,a + b,,,P + M)^[ '^Zh^M ) ^ ( -^V+^-^l 

We have used the fact that in the transpose of fF, we must multiply —1 because a fermion jumps over 
another fermion. 



• R.H.S. : ^M^y = 

Thus we have verified that the above definition of the transpose is consistent with the condition '^{yM) = '^M'^y. 
As we have mentioned before, the transpose of the transpose of a vector does not give the original vector, because 

^r(;;))=^(^/fc) = (7). (a.4i) 

A. 3. 2 Hermitian Conjugate 

We introduce a notion of hermitian conjugate of supermatrix. This notion is much simpler than the transpose, 
and we do not see anomalous properties as emerged in the transpose. The starting point of this notion is 



For a fcrmionic number a, (3, the complex conjugate is (a/?)^ = (/3)^(a)^ 



• For a vector v — [ ^ ) , the complex conjugate is 



Under this definition, the hermitian conjugate of a supermatrix is defined as 




(Proof) The guiding principle to determine the hermitian conjugate of a supermatrix is the condition 

{MvY = (w^)(M^). (A.43) 

For AI — ( ^ ^ ) and v = ( ^ ) , {Mv)^ is computed to be, utilizing the definition for the vector, 



J d J \ b 

t 



{Mvy = 2J ^ = (Mt + (/36)t, (7ry)t + (d6)t) = (^t^t + fot^t^^^t^t + ^t^t). (a.44) 

The explicit form of the hermitian conjugate of a supermatrix can be read off from l|A.44|l . and this completes the 
proof. (Q.E.D.) 

The definition of the hermitian conjugate of a transverse vector is now straightforward. This is given by 
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It is straightforward to verify that this definition is consistent with the guiding principle 

(yM)^ = M^y\ (A.46) 

because (l.h.s.) = {r.h.s.) = ^ ^t^t + ^15! 
A. 3. 3 Complex Conjugate 

We define a notion of complex conjugate for a supermatrix. The guiding principle to define the complex 
conjugate is to require the matrices and the vectors to satisfy the condition 

{Mvy^M*v*. (A.47) 

In order to satisfy this condition, we define the complex conjugate of the vectors and the matrices as follows''^. 



„*'ij/(T„)t^ M*=^fA./)t. (A.48) 



It is straightforward to verify that this definition is consistent with the guiding principle l|A.47|l . 

[Mv)* = {(^v)(^M))^ = f M)^f w)^ = M*v*. (A.49) 

Combining the results obtained in the previous section, the explicit form of the complex conjugate of the vectors 
and the matrices are 




This is clearly consistent with the guiding principle (Mv)* = M*v* because (l.h.s.) = (r.h.s.) = i '^^rj* + d*h* 
We have following properties which relates the transpose, hermitian conjugate and the complex conjugate. 



(Prop) (1)^M = (M*)t, (2)Aft = 



(Proof) These properties can be verified by noting that the hermitian conjugate of the hermitian conjugate gives 
back the original quantity, which can be readily verified by definition. 

1. (M*)t = ((^Af)t)t ^^M. 

2. "^(M*) = ((M*)*y = M^. In the last equality, we have utilized the fact that, for a supermatrix, (M*)* = M, 
which can be readily verified from the explicit form of the complex conjugate ()A.50|) . 

This completes the proof of the above properties. (Q.E.D.) 

Now we are ready to answer the question : what do we mean by 'a supermatrix is real ?'. In considering 
physics, we must take into account the reality condition. We utilize supermatrices in the context of expressing 
the action of superstring theory, the action must be real, and we are required to solidify the definition of the 
reality of a supermatrix. 



^De^^^upemia^^>^^n^^a^^^^^^^Tiappm^^^n^^^a 

This statement is equivalent to, for the above definition of complex conjugate, 

M* = M. (A.51) 



^-'^Be careful about the fact that ^(Aft) is different from (-^M)t = M* . They are computed to be -^(Aft) = ^ 
^(ijt) = / ^ j and "^(y^) = {rj*,b*) and these are not the complex conjugate of the vectors or the matrices. 



a* -13* 
7* d* 
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This can be verified by noting the starting guiding principle that M is designed to satisfy (Mw)* = M*v*. If 
M* = M is satisfied, (Mv)* is a real vector if v is real, because 

(Mv)* = M*v* " '^^^'"^^ M*v = ^ Mv. (A.52) 

The relationship (jA.Sip tells us the conditions for the components of AI to satisfy. Noting the explicit form of 

complex conjugate ljA.50|) . we can derive a* — a, d* = d , P* — f] and 7* = —7, id est, 


• a, f3,d should be real. 

• 7 should be pure imaginary. 



A. 4 The Properties of su{N) Lie algebra. 

This section is devoted to the introduction of the properties of the su{N) algebra. su{N) is a N'^ — 1 dimensional 
Lie algebra composed of anti-hermitian N x N matrices. The generators of this gauge group are denoted by 

T'^ (witha = l,2,---A^2-l), (A.53) 

where are all hermitian matrices and 

expiitT") = 1 + itT" + 0{t^) (A.54) 

belongs to the SU{N) Lie group (of course, i is a real number). Before arguing the properties of su{N), let us 
pause and investigate the properties of general hermitian and anti-hermitian matrices.''^ 

• Hermitian matrices: H = {M £ MArxjv(C)| Af^ = A/}. 

• Anti-hermitian matrices : A — {M e A/7VxAr(C)| A/"f = —M}. 

Let us have a look at the following properties. 
Let the matrices h, /ii, ft,2 and a, ai, a2 be hermitian and anti-hermitian matrices respectively. 

(l)[/ii,/i2] e A, (2)[/i,a]eH, (3)[ai,a2] e A, 

(4){/ii,/i2} e H, {5){h,a}eA, (6){ai,a2} e H. (A.55) 
(Proof) These properties can be verified by tal<ing the hermitian conjugates one by one, noting the fact that [XYY = 

1. {[hi, h^])^ = {hih2 - h^hi)^ = hlh\ - h\hl = ~[hlhl] = -[hi,h2], 

2. ([/i,a])t = (ha-ah)^ = a^/it _ /itflt ^ -[h\a^] = [h,a], 

3. ([ai, 02])^ = (aia2 - a2ai)^ = a|a| - a|a^ = -[a|, a^] = -[ai, 02], 

4. {{hi,h2})^ = {hih2 + h2hi)^ - hlh\ + h\hl - {hi hi} = {hi,h2}, 

5. {{h, a})t = (ha + ah^ = a^h^ + h^a^ = {h\a^ = -{h, a}, 

6. ({ai, 02})^ ~ (aia2 -I- a2ai)^ — aja| + a\al — {al,al} = {ai, 02}. 

Comparing the original quantity and their complex conjugates, we verify the above statement. (Q.E.D.) 

As we have seen in the above commutation relations, it is not H, but A that constitutes a closed Lie algebra. 
However, H, to which the basis {T°} belong, is regarded as a representation of the Lie algebra su{N) because of 

^^In considering a large N reduced model, TV is large enough that N'^ — 1 is nearly N'^. And in this sense we often write the 
dimension of su{N) algebra as A*^^. 

Since we concentrate on the bosonic matrices here, not the supertrace, we do not see a complexity as seen in the previous 
section. 
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the commutation relation [h, a] S H. This means that the generators remain hermitian after the infinitesimal 
transformation by the anti-hermitian matrices. 

Having these properties in mind, let us consider the structure constant of su{N) Lie algebra. The commu- 
tator and the anticommutators of the generators are usually described by the structure constant fabc and dabc 
respectively. 

• Commutator: The structure constant fabc is defined so that"*"* [T"-,T^] = ifabcT'^. 

* fabc is per se a real quantity. As we have seen in the above properties (1), the commutator of the 
generators of su{N) is an anti-hermitian matrix because T° and are hermitian. That is why we 
must multiply i in the R.H.S. 

★ Another natural but important property is that fabc possess a cyclic symmetry fabc — fbca ~ fcab 
while they are anti-symmetric with respect to the exchange of two indices : fabc = —fbac- 

• Anti-commutator: The structure constant dabc is defined so that {T^jT^} = dabcT'^- 

-k The anticommutator of two hermitian matrices is hermitian, so that dabc are real quantity and we 
do not need to multiply i. 

-k The structure constant dabc not only possesses cyclic symmetry dabc = dbca = dcab but also are 
symmetric in that dabc — dbac- 

• Trace : It is clear from the definition of su{N) Lie algebra that tr{T°-') = 0. And the trace of the product 
of these generators are known to be Tr{T°^T^) = 

A. 5 Tensor Product 

In considering the gauged theory according to the proposal of L. Smolin^T], we need to introduce a tensor 
product of the two Lie algebras. The tensor product is trivially defined for two matrices: for a G Mm(C) and 
h € M„(C), the tensor product o ® 6 is a well-defined notion. Here, we consider the extension of this notion to 
the Lie algebras. In this discussion, we limit the Lie algebras to linear Lie algebras^^ . 

Tensor Products of two Sets of Matrices ((g)) 

The tensor product (g) is defined for two sets of matrices, regardless of whether they are closed Lie algebras or 
not. Let A and ;B be a set of matrices which are not necessarily closed Lie algebras. Let {oi} and {6^} be the 
bases of A and B, respectively. 



(The tensor product A®B) = The linear space spanned by the bases ® bj. (A. 56) 



The important point is that A^B does not necessarily constitute a closed Lie algebra^ even if each of A and 
i3 is a closed Lie algebra. If the tensor product A® B \s iohe a. closed Lie algebra, this must close with respect 
to the commutator of the tensor product. For ai,a2 & A and &i, 62 G B, the commutator of the tensor product 
of the matrices is 

[ai ® &i, aa ® 62] = ^({ai, 02} ® [biM] + K, 02] ® {biM})- (A.57) 

However, the tensor product A® B does not close with respect to this commutator. For example, consider the 
tensor product of two Lie algebras Ti and H, defined in Sec. 5. The tensor product 7i (g) H does not constitute 
a closed Lie algebra. This can be seen by the fact that 

[[n ® H), {n ® H)] = [{H, n} ® [h, h]) e {[h, h] {h, h}) = {A' ®A)®{n<» h), (a.ss) 

with the definition of A' and A, and the reasoning given in Sec. 5. Thus, the tensor product ® H is not a 
closed Lie algebra. 

^"^We are sloppy in this paper about whether the indices of the color should be on the upper or lower side. 

^^The term linear Lie group is defined as the closed subgroup of GL{N, C) group. For example, such groups as GL{N, C) itself 
and SU{N) are linear Lie groups. 

The term linear Lie algebra is defined as a Lie algebra of a linear Lie group, id est, the subalgebra of Af]v(C). 
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Tensor Products of two Lie algebras ((g)) 

We introduce another notion of the tensor product (g). This is a notion hmited to the hnear Lie algebras, unhke 
the tensor product (E). Let A and B now be two hnear Lie algebras. 



(The tensor product Ai^B) = the smallest closed Lie algebra containing B. (A. 59) 



The above example H and H teaches us clearly that 7i ® H and 7i®H arc completely different. From the 
commutation relations [(H(g)H), (7^ (g)H)] = (g) A) ® (H (g) H) and [(^'(g) A), (^'(g) A)] = (g A) ® g) H) , 
the smallest Lie algebra containing 7i ® H is 

H(g)H= (Hg)H)® (y^'(gA). (A.60) 
Enhancement of the Gauge Symmetry . 

We next explain how the Smolin's proposal for the gauged action jlT, enhances the gauge symmetry. Smolin's 
original proposal is to alter the gauge symmetry from the Lie algebra of OSp{l\32, R) x SU{N) to the tensor 
product of the Lie algebras osp{l\32, R)(E)su(N)'^^ . We grasp the structure of the enhancement of the gauge 
symmetry by considering the toy model for simplicity. 

The Lie algebra su{6) is known as the tensor product of the Lie algebras su(3) and su{2): 

su(6) = su(3)g)s-u(2). (A.61) 

This fact is discerned as follows. Let A" and be the basis of the Lie algebra su(3) and su{2), respectively. 
su(3) and su{2) are 8 and 3 dimensional Lie algebras respectively, and the indices run a — 1, ■ ■ ■ ,8 and i = 1, 2, 3. 
The tensor product su{3)(E)su{2) consists of the following elements. 

• A" (g CT*: These are the elements of the tensor product as a set of matrices: su(3) (g su{2). This set, per 
se, does not constitute a closed Lie algebra. 

• A° g) 1 and 1 (g) cr*: These are the generators of the group SU{3) x SU{2). 

These elements are known to constitute the algebra of su{6). This example shows in a pedagogical way how the 
notion of 'gauged theory' enhances the gauge symmetry. While the Lie algebra of the gauge group SU{3) x SU (2) 
isa8 + 3= 11 dimensional algebra, the tensor product su(3)(gsu(2) is a 8 + 3 + 24 = 35 dimensional Lie algebra. 
This is the structure of the enhancement of the gauge symmetry. Note that the similar enhancement of the 
gauge symmetry is seen in Smolin's Droposal|17|. 



B Miscellaneous Calculations 
B.l Proof of dHHD 

We give a proof of the measure of matrix integration H2.41(l . The measure M means an integration with 
respect to all components of the matrix M, that is M = Ylij=idMij. It is easier to analyze the matrix 
measure in terms of the eigenvalues {A;}, and we diagonalize the matrix M . Since M is an hermitian matrix, 
there exists a unitary matrix U such that 

[/AfC/^ = dm5(Ai,A2,---,AAr). (B.l) 

The integral is then divided into that of eigenvalues and that of the unitary matrix: 

d^^M = d\i ■ ■■dXNh{Xi,---\N)dU^j, (B.2) 

where h{Xi, • • • , Xn) is a function we determine immediately. The degree of freedom of the eigenvalue is N, 
where as that of the unitary matrix is — N ( because this excludes the freedom of the eigenvalues) . Now, we 
consider the N"^ — N dimensional submanifold, depicted by the 'loop' in the above picture, of the manifold of the 

^''In our discussion, we consider the analytic continuation of osp{l\32, R)^su{N) Lie algebra: gl {1\32, R) (X) gl{N,R){= 
gl{l\32,R)^gl{N, R)). 
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Figure 17: This figure shows the space of the hermitian iV^ dimensional matrix. The submanifold show the 
orbit of the unitary transformation of the diagonal matrix diag{\i, • • • , Aat). 



entire N"^ dimensional matrix A/. This manifold can be expressed by N parameters, Ai • • • Aat. We consider the 
effect of the integration with respect to the unitary matrix. In order to understand this effect, we consider the 
infinitesimal transformation with respect to the unitary matrix. Let U heU — 1 + ie. The bases of infinitesimal 
matrix (id est, the Lie algebra of the unitary group) are Uij = etjEij + e-ljEji (where Eij is a matrix whose 
component is 1 and other components are 0). Taking the commutator, we obtain 

[diag{Xi, • • • , Aat), = -eijEij{Xi - Xj) + eljEji{Xi - A^), (B.3) 

Therefore, the contribution to the measure is (A.; — Aj)^. We take all the products of < j), then the 

integration of the unitary matrix gives h{Xi, • • • , Ajv) — Y\i^j{Xi — Xj)^. We finally obtain our desired result 



d^"M = Y[ dX, Y[{X, - X.fdU^j. (B.4) 

i i<j 



B.2 Proof of dHHD 

This appendix is devoted to the computation of the action of osp(l|32, R) cubic matrix model. The computation 
of the bosonic part tr{m'^m^ni'^)Tr{T'^[T^ ,T'^]) is especially tedious, and this appendix provides the technique 
to deal with this computation. In this computation, it is easier to rely on the color indices, rather than to adopt 
large N representation. The bosonic 32 x 32 matrices m" are expressed in terms of the basis of the gamma 
matrices 

a ^ apM ^ i^a r^i^^ + ^^T"'- . (B.5) 

We work out the computation of the trace tr(m°'m''m'^) in terms of the coefficients of gamma matrix represen- 
tation, and the properties in the Appendix. IA.2l plav an essential role in the analysis. 

• The property in Appendix. I A. 2. 51 indicates that all we have to consider is the coefficients of 132x32 in the 
product m^TO^rn'^, because 

tr(r^) = tr(r^i^^) = tr(T^''^'^^'^') = tr{T^''■■■^'^) = tr(r^i-^=) = 0. (B.6) 



• When we consider the product of the gamma matrices, we utilize the formula in Sec. IA.2.31 We have a table 
of what rank of gamma matrices emerge in the product of two gamma matrices. For example, The product 
pMiP2p!^ii^2 produces the gamma matrices of rank 0,2,4. Multiplying another elements m'^ e sp(32), only 
the term ^^^^ip,r''i'^^ contribute to the trace tr{m°"m''m'') because of the property mentioned in the 
previous item. 

We adopt a new abbreviation (xyz), which means 

(xyz) = the terms emerging from -i^u;:^...^^u^^...^^«^^...^^ir(r''--''==r^--''''r''--PO, 
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where x,y,z = 1,2,5 because we are considering osp{l\32, R) matrix model. Based on the above prescription, 
the candidate of the nonvanishing terms are as follows: 

(112), (155), (222), (255), (555). (B.7) 

The bosonic part of the action can be written as 



^ fabc I a b c\ 

lb = -trim m m ) 



fa' 



^tr((112) + (155) + (222) + (255) + (555)). (B.8) 
We compute these terms one by one. 
(112) terms . 

In the computation of these terms, we must be cautions about the following point: in picking up the term (xyz), 
we must take into account where we have picked up the x (or y, z) term. In this case, we must consider the 
sum 

(112) = ^«,<w^,,,iKr^^r''^r''^''^) + <,<.,ii^,tr(r^^r''^''^r''0 + ui^^^y,^u%tr{T^-^^v^-Tp-)) 
= ^K^uly^^^M^^'^^'^'^n, (B.9) 

where we have utilized the cyclic symmetry of the trace with respect to the gamma matrices. The formula of 
the product of the gamma matrices ljA.15|) indicates that 

triVP^V^TP^P^) = triiTP'f'^ + T^t^^P^)YP^P^) = tr{-2riP^P^rf^P^) = -Mr^P^P^rf^P-" . (B.IO) 

Thus we complete the computation of the (112) term 

(112) = -96u;;^<^.^^^''^ (B.u) 

(155) terms 

We perform a computation similar to the case of the (112) term: 
(155) = ■^{ul^ul^...^ul...^^tr{TP^^^^^^^ 



1 ^ .b 



.^^u'p^tr{TP^-p'-'T''^-'''^TP^)) 



a. yb yC ^^^pMipi'i---i'5pPl---P5 _j_ pPl-'-PspMip'^l-'-'^s _|_ pi'l---i'5pPl---P5pA'l^ 



(5!)2 

= (|)2"^.<-.=<-P.^Kr^^r---rp-"=). (B.12) 

The biggest difference from the previous case is that the nonvanishing term emerges due to the dual of the 
gamma matrices: 

^^(r'^ip!^l-.^5pPl-p5) ^ ^^(pPl>^l->^5rPl-p5) ^ _iir(gMl^l-^5Xl-X5p^^ _^^ppi-p5) (3^3) 

= ^ir(e'^i''i-''^>^i-x^>5!r/^i •••77^=) ^ -32eP''''-'"^P'-P\ 
Therefore the final result is obtained by 
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(222) terms . 

This term emerges from the choice that we pick up ^UniH2^^^'^^ from ah of m°' ,rn}' ,m^. The difference from 
the previous two cases is that we do not have to consider the number of the ways to pick up the term (222). 
The contribution is therefore 



1 



(^<.M.<..^PiP.*Kr''^''=r--r^^^=). (b.is) 

We Hkewise compute the gamma matrices, so that we obtain 

= tr{8rj^^^^'''v'''^^'"v'''^''^), (B.16) 

where the bracket [/ii/U2- • •] represents the anti-symmetry of the indices (for example P[jui;n2] = 5(-P/ni/:t2~^jU2An))) 
but it is not necessary to write cxpHcitly this awkward mark because the anti-symmetry is obvious. These indices 
contract with the antisymmetric indices of uj^^.... The final result is obtained by 

(222) = 32u1,^i,^u^''\,u'"'^''\ (B.17) 

(255) terms . 

We only repeat the similar procedure, and we proceed rather quickly. The contribution of these terms is 

^ <..<....a<....a^Kr''^''^r---^r^--^^). (b.is) 



2!(5!)2 I'l-'-i's ^pi---P5 

Computing the gamma matrices similarly, 

= -\2mrf^''^rf'i'^rf'P-'rf''i'^rf^P^rf''<'K (B.19) 

Therefore, the final result is 

(255) = -^ul^^J'^-,,...,,u'^^-----\ (B.20) 

(555) terms . 

The contribution is obtained by 

^ <,...^,<....,<...,,<r(r^-''^r- -^r''--^=). (B.21) 



(5!)^ A»l---/'5 "'V\---V5 P1---P5 

The product of the gamma matrices is computed to be 

pMl -A'spI^l - i'SrPl ' PS _ ^^„A'li'l„M2i'2 ,Al3M4|U5!^3l'4l'5Xl---X6r rPl'"P5 

i i i ~ 5! ^xi---X5^ 
= 20077^^ ifjP-^ en^fi^^^i,^i,^i,^p^...p^. (B.22) 

The result is therefore, 

(555) = ^K»^...^^«^''^''%3.,.,«^^...,^e'*3^4M5.3.4.api-P5. (B.23) 
The conclusion of this lengthy computation is summarized as 

(112) = -9Qu';^uly^-^\ 

^^^^^ = -I^«;:.<-5«p....pa^''^'^^•••"''^•••''^ 

(222) = Z2ul^^y^\,u-^'"\ 

(255) = -4u«,^,u*''^,....,u^''='^--^ 



75 



We next examine the fermionic part of this action. However, the computation of its contribution is trivial: 

= ^^irr'-'ulr + ^rr>'''''ul,,r + l^rr>''-^'^ul...^^r)- (B.24) 

We are now finished with the computation of the action in terms of the components {ux}- This is a 
description in terms of 11 dimensional indices. One of the problems we should tackle with is the correspondence 
between this cubic matrix theory and the existing 10 dimensional matrix theory such as IKKT model. For this 
purpose, it is more convenient to express the indices for 10 dimensions. Rewriting the above terms in terms of 
the variables H4.29|l . we obtain a final result. 



B.3 Propagator of the action P?7n|l ~ (fiTf^ 

This section is devoted to the investigation of the Feynman rules of the action (|4.7Q(I ~ H4.73|l . Most of the 
Feynman rules are trivially read off from the Lagrangian, however the non-trivial problem is the propagator 
among the fields W, Ai and Cij. This is due to the kinetic term 

^TrN>cNi96Wd^A<--^' - gGA^-'^ djC'^), (B.25) 

in which the vector fields ■* are connected with both W and Cy fields. We would like to investigate the 
Feynman diagram among the three fields W, A\ and dj. For simplicity, we omit an awkward coefficient 
Then, the Lagrangian in question is 

IwAC = -W^^Al-'> + A^^'djC'^. (B.26) 

• First, we disprove the existence of the propagator (A^ ^C^^). This stems from the gauge freedom of the 
field C*-' . As is easily read off from the action ljB.26|) , C*-' is invariant under the transformation 

C-y -> C'^ + dkx''^, (B.27) 

where the quantity x*-''^ is anti-symmetric with respect to the exchange of the indices. Therefore, the 
propagators {A\ ^C""^) do not exist in this theory. 

• We next consider the propagator ''). This is understood by first integrating out the fields C*-'. 
Since this action is linear with respect to C*-' , this is tantamount to solving the classical Euler-Lagrange 
equation with respect to C*-' : 

Note that the indices are anti-symmetrized because we have solved the Euler-Lagrange equation with 
respect to C*-' . The gauge field A'i~^ is thus constrained to be 

d^A^-'> - d,A\-^ = 0, ^ s.t. a\-^ = 5,A. (B.29) 

Substituting HB.29() into the action HB.26() . the action is 

IwAc = -Wd.d'X. (B.30) 

This indicates that the propagator for W and A is (WX) ^ ^. Therefore, we obtain a propagator for W 
and 

{W4-^) ^ §. (B.31) 
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B.4 Disproof of the existence of the perturbative propagators (WW) and {A\ ^A^j ^) 

In this subsection, we develop a disproof of such propagators as (VFW^) and {A[ ''A^- ■*) at a perturbative 
level. This statement is verified more generally, and we use a rather abstract expression. The bosonic terms in 
osp(l|32, R) cubic matrix theory is distinguished into the following two groups. 

• Ue denotes the fields of even rank with respect to 10 dimensional indices. Id est, we mean the fields W, 
Cij and Hijki^'^. 

• Uo^^ denotes the fields of odd rank in terms of 10 dimensional indices with plus (or minus) chirality. 

★ Ul^^ denotes a'i^^ or I^^l^^. 

★ C/f"-' denotes A^^"' or 4".^.^^. 

We have expanded this cubic matrix theory around the classical solution (|4.()7|l and considered the following 
mapping 

[A^\x]^-id,X+[a'^\x]. (B.32) 
Therefore, the action with the kinetic terms introduced by this mapping is abstractly expressed as follows: 

I = {{dUeW^-^ + idi>L)4'L} + [UeUi+^U^-^ + i^M+^L + ^bUItHr + Ul + ^bLUe^Pn)- (B.33) 

• We can in general verify that the product of plural fields of the same chirality (such as C/i^-'c/i^'' or 

never emerges in this cubic action. This can be verified by noting the structure of gamma 
matrices. For example, suppose that such terms as emerges in the bosonic part of the cubic 

action. This would appear in the action, 

TrNxN{u!,+'>u^+^u^)tr{r''{i + r«)r°(i + rf)r^), (B.34) 

where r° denotes the gamma matrices of odd rank in terms of 10 dimensional indices, such as or r*^'^'™. 
Be careful about the structure of the gamma matrices. Noting the Clifford algebra F'T** + T^T^ = 0, this 
gamma matrix is shown to vanish: 

F°(l + F«)F°(1 + F»)F^ = F°F°(1 - F*)(l + F«)F^ = 0. (B.35) 
Therefore, The bosonic part is restricted to be Uo'^^Uo^^Ue or U^. 

• For the same reason, the kinetic term is restricted to be (dUo ^)Ue since the kinetic terms emerge from 



the expansion around the classical solution (|4.t)7|) 
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• The fermionic terms is restricted to be of the form i^FiUo '^ipR or ipLUeipB., which is understood 



from the properties 

In order to develop perturbative argument, we assign a following charge, and perform the correspondence 
rescaling. 

• C/e, C^o^'' and Uo"^ are assigned the charge 1, and —1 respectively. Id est, the scaling is U"^ —>■ e^Ue, 
C/i+^ ^ C/^^ and ^ [/(-)e-\ 

• ipL and ipR are assigned charge and ^ respectively. Id est, the scaling is tpL — > tpL and ipR i^Re^ . 
Following these scaling rules, this action is thus rescaled as follows: 

/ = {(aC/e)C/^) + {di^L)i^L} + (UeU^+'^Ut^ + i^LUi+^L + ^i?,C/i"Vfl) + [Uy^] + i^LUell^Be^). (B.36) 

This action possesses only the propagators {ipL'^Lj and {Uo '^Ue) at tree level. Other propagators are induced 
by the multi-loop effect. And the vertices in this action and their charges are given below. If the induced 
propagators of (C/gJ/e), {Uo~^Uo~^) and (ipRipR) are to exist, they can be constructed by the combination of 
those vertices. The charge of UeUe, Uo ^Uo ^ and ipRipR is +2,— 2,+l, respectively. Therefore, the possible 
charges of these induced propagators are listed below. 

^'^Originally the terms W and H^j^i comes from the fields u^... of rank 1 and 5 respectively. These mean W = and 
f^ijkl = ^ijklt respectively, and in terms of the 10 dimensional indices, these are fields of even rank. 
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Note that (dUo ^)C/e is identical to {dUe)Uo ' up to the partial integration. 
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Figure 18: The possible vertices of this Lagrangian and their charge. 
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where n and m are the number of the vertices Ue — Ue — Ue and ■0^ — ^pn — Ue- Since the propagators at tree 
level is of charge 0, the propagators do not contribute to the charge of the induced propagators. The point is 
that, even if we consider the multi-loop effect, the charge of these propagators increases by the multiple of 3 or 
|. Thus, it is impossible to construct the propagators of these fields with charge no matter how we combine 
the propagators and the vertices. 

If the charge of the propagators is nonzero, these induced propagators vanishes when we integrate out the 
parameter A. Therefore, such propagators as (M^VF) or {A[ ^ A'j^^) cannot emerge by the perturbative multi-loop 
effect. 



B.5 Explicit form of the gl{l\32,R) ® gl{N,R) gauged cubic action 

This section is devoted to executing the tedious computation of the gl{l\32, R) ^ 9l{N, R) gauged cubic matrix 
theory. Especially we focus on the bosonic part tr{m°-m!'mf-), because this is the most difficult and cumbersome 
to compute. We rely on the expression of color indices. We first express the trace in terms of the basis of the 
gamma matrices: 

And whether these coefficients appear as a commutator or anti-commutator affects the physics crucially. 
Let us investigate the structure of the action from another point of view. Considering the correspondence of 
the super Lie algebra gl{\\i2,R) with u(l|16, 16), we have in the previous section noted that gl{l\'i2,R) can 
be expressed by the direct sum gl{l\'i2^R) — Ti, ® A. The following properties play an essential role in the 
investigation of the action, especially the cumbersome bosonic part. For Hi, H2, H3 e H and Ai, A2, A3 e A, 

{l)Str{HiH2H3) = ^Str{Hi[H2,H3]), {2)Str{HiH2A3) = ^Str{Hi{H2, A3}), 

i3)Str{HiA2As) = ^Str{Hi[A2, A3]) (4)5tr(Ai Aavlg) = ^Str{Ai{A2, A3}). (B.38) 

(Proof) This relationship is readily verified by noting the commutation and anti-commutation relationships of the 
two different representations of osp(l|32, R), as we have seen in l|5.14|l . Noting these relationships, we readily obtain 
the following property: 

For iJ e H and A e A, Str{HA) = 0. (B.39) 
This can be verified by noting that = —1 and that the cyclic rule holds true of the supertrace: 

Str{HA) = Str(^A^H) = -Str(^AG^^H) = Str{^ AGHG) = Str{GAHG) = -Str{AH) = ~Str{HA). 
Str{HA) satisfies Str(HA) — —Str{H A), and thus this is shown to vanish. 



Utilizing the relationships 1)5. 14|) and (|B.39|) . the proof of (|B.38|) goes as follows: 

1. Str{HiH2H3) = \Str{Hi{[H2,H3\+{H2,H3})) - \Str{Hi[H2, H3]) + \Str{HiA) - \Str{Hi[H2, H3\), 
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2. Str{HiH2A3) = i5tr(Hi ([F2, A3] + {^2, A^})) = ^Str{HiA) + ^Str{Hi{H2, A3}) = ^Str{Hi{H2, A3}). 

3. Str{HiA2A3) = ^StriHi{[A2, A3] + {A2, A3})) = lStr{Hi[A2, A3]) + \Str{H^A) = \Str{Hi[A2, A3]), 

4. Str{AiA2A3) = lStr{Ai{[A2, A3] + {A2, A3})) = i5tr(Ai7^) + \Str{A^{A2, A3}) - i5tr(Ai{A2, A3}). 
These completes the proof of the properties l|B.38|l . (Q.E.D.) 

Now let us separate the components of gl{\\2>2^R) into the subalgebras Ti and A. The element Af G 
5/(l|32,i?) can be separated as 

where mi , m2 , V"! i "02 are defined in the previous section. Then, the action is rewritten as 



I = l-Str(M''M^M'')TrmT''T'') = -XrStr((H'' + A'')(H^ + A'')(H'' + A''))(Trm\T\T'']) + Trm{T\T'})) 
1 



1 



{Str{H°'[H\ H"]) + 5^r(i^''[A^ A'']))Tr{T''[T\ T"]) 
{StriH^iH^, A"}) + 5^r(A''{A^ A"}))^r(^"{^^ T"}) 



l^^str{H''[H\ H^]) + Str{H'\ [A\ A^])) + '^{Str{H'' {H\ A'}) + Str{A''{A\ A^})) (B.41) 
4.9 49^ 



i^{Str{H''H''H'') + StriH" A^ A")) + ^{Str{H''H''A'') + 5tr(A"A''A")). (B.42) 
2.9 2(7^ 



We compute the trace tr{m°"m^'rrf) according to the same principle as in osp(l|32,i?) bosonic part. Since 
the trace of the gamma matrices is 

ir(r^) ^ <r(r^i'^^) = ir(r^i^=^^) = tr(r'^i-^'') = tr(r^i-^=) = 0, (B.43) 

the goal of the computation of tr{mmm) is to extract the coefficient of 132x32, and we utilize the formula lA.f 5p 
for the computation of the gamma matrices. We separate the contribution of the bosonic part tr{mmm) into 
the following four parts, and we inherit the abbreviation (xyz) from the argument of osp(l|32, i?): 

(xyz) = the terms emerging from „ u'', „ <, /r(r'^i---PxpA'i---M«r^i"A'- ) (B.44) 

\ ' o a xlylzl '^1'"'^=" fJ-i'^fJ-y fJ-i-'-p-z \ /' \ / 

where now j/, z = 0, 1, • • • , 5. The technique of the following computation is totally the same as in osp(l|32, R) 
cubic model, as was discussed in Appendix. IB. 21 



B.5.1 (Fl) terms 

We nane the terms emerging from Str{H"' H'' H'^) (Fl) terms. We utilize the color indices notation for 
simplicity, and switch to the large N matrix representation. These terms are attached to the commutator of 
the basis of gl{N, R), and therefore anti-symmetric with respect to the exchange of the color indices a b. As 
we have seen, the bosonic part mi is 

Therefore, the nonvanishing trace is 

(112), (155), (222), (255), (555), (B.46) 

whose computation we do not repeat because we are finished with these computations in the investigation of 
osp( 1 1 32, i?). 
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B.5.2 (F2) terms 

We refer to the terms ^p- Str{H"' A") as (F2) terms. The nonvanishing trace comes from 

(134), (233), (244), (335), (345), (445). (B.47) 

The fundamental techniques and cautions are aheady introduced in the analysis of osp(l|32, R), and we proceed 
rather quickly. 

(134) terms There are 6 ways as to where we should pick up which terms, and the contribution is 

(134) = 3^<,<...3«^.-P4*Kr''^r--''3rPi-.p4). (b.48) 

On the other hand, the trace of the gamma matrices are computed to be 

^^(p/'ip''i''2i'3ppi---P4^ = tr(Yf^i'^i'^2V3YPi—Pi'j = 2^ri'^^''^rf^''^rf'^''^ri'^^'''^. (B.49) 
Therefore, the contribution is 

(134) = 2,2ul^ul^,^,y^^''^^^^\ (B.50) 
(233) terms The contribution of (233) term is 

2!(3!)2 ^ '"^''2 ''i ' ''^ W Pa.'abcJ- '-'-)■ [D.OL) 
Again, using the formula of the gamma matrices, 

pAH/i2pI'l---I'3pPl---P3 _ _g^A»l!^ip/i2l'2l'3pPl---p3 _ ^Q^^ll^l ^IJ.2Pl ^V2P2 ^I'SPS _ (B.52) 

Then, the final result is 

(233) = A8ul^^y'^\,.,u'^'^^''^''\ (B.53) 

(244) terms Again, there are 3 choices with respect to where we should pick up u^^n^ from m°-,m^,m^. 
Then, the contribution is 

^^K«^,^.<.....^^^,...p./abcr''^''=r---r''--''^). (B.54) 

The gamma matrices are computed to be 

pAHM2p!^l---I'4pPl---p4 _ _g^/ilfip;*2l'2f3l'4ppi---p4 _ _ ]^g2jyMl''l jyA'2Pl ^^1-2^2 jjI'3P3 ^^1^4(54 _ (B.55) 

Then we obtain, 

(244) = -16^.;^^,«'"^^,.3.,w^'*=''=''3.4. 

(335) terms The contribution of this term is 

3 



irK,...^3<-.3«Pi-pa/a*'cr^""''='r^""^^r''--^^). (B.57) 



(3!)25! 

The gamma matrices are computed to be 

p/il---([i3pL/l---l'3ppi---p5 _ p/:il---(Ll3l'l---!^3pPl---P5 _ _ Jl g/^l ' ' •M3l'l ' ' 'i^SXl ' ' 'XS p ^ ^pPl'-'PS 

5! 

= _^^tl—^i3^^l—^^3Pl—P5_ (B.58) 
Therefore, the final result is 



(335) = -l(n^^...^^<...^^,,^^...^^e''--''3— (b.59) 
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(345) terms The contribution to this term is 

^<...,3<.....«p.....a/«6cir(r''-''3r--r^-^^). (B.eo) 

On the other hand, the gamma matrices are evaluated to be 
Therefore, the final result is 

(345) = 16u;^...^y\,,,,,u^^'^^-'-^-\ (B.62) 
(445) terms The contribution is expressed as 

^ tK<....„.<.....<....Ja6c(r''--''^r^--^r''--''^)). (b.63) 



(4!)25! /^i"-/^4"'i'i---i'4"'pi---P5 

The multiplication of the gamma matrices is 

16 
5! 

Therefore, the contribution is seen to be 

, fe/il , C ;i2/i3/i4l'2l^3l'4Pl---p5 (T) RC,\ 

45";'l---/'4" '^2l'3l^4.Upi---p5^ ■ {D.OO) 

B.5.3 (Dl) terms 

We next investigate the terms coming from the contribution ^^Str{A"'A''A'^). The difference from the previous 
two cases is that these terms are attached to the anti-commutator of the gamma matrices, so that the result is 
symmetric with respect to the exchange of the color indices a ^ b. This term is named '(Dl) term' after the 
structure constant date- The nonvanishing trace of those this term stems from the following terms: 

(000), (033), (044), (334), (344), (444). (B.66) 

(000) terms The computation of this contribution is trivial: 

(000) = u''u''uHr{l^) = 32m"m''u^ (B.67) 

(033) terms This is also trivial, paying attention to where we should pick up the ul: 

,a„,b 



(033) = (^«"<...3«p.P2P3iKr^^''^^^r''^''=''^) 



(3!) 



^«"<.2.3«p.P2P3(-32 X 677''-^<-=<3.3) = -muXr.^.s^"''"'''''- (B.68) 



(044) terms Again, we can compute the contribution with ease: 

3 

(iiy^ "'''i---''4"'pi---P4'' 



(044) = -_««<...^n-^^...^ir(r'^---^r''---^^) 



3 

1|\2 "'l'l---l'4 "'P1---P4 V"" "'■'I 'I I "'Vl-'Ui'- 



(32 x 24r/''l"l•••77''*"*)=4w"<...,^M^"l•••"^ (B.69) 



tU U 



(4!)2 

(334) terms This term can be computed in the similar fashion to the previous cases. The contribution is 

^ <..2M3<.2.3<-P4*Kr''^'^^'^^r--''3rP.-P4). ^b.to) 



(3!)^4! "I^'^l^'^l^^ "■V1V2V3 "'P1---P4 

The trace of the gamma matrices are now 

^^(^pA'i/'2Ai3pi'ii'2!^3ppi---p4^ = Qrii^^'^itr{T'^^'^'^'^^'^'^T''^"''''^) = 216 x 'i2r}'^^'^^ r}'^^''^ r]^'^''^ rf^'"^ rf'^'''^ . (B.71) 
The contribution is now obtained by 

(334) = 24««^^^^3«'"'^,.3n^''=''3''=-3. (B.72) 
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(344) terms We can pick up the following terms 

n,<^ T,b ,,C ^ /-pA'lM2/i3p''l•••''4pPl•••p4^ (T^ '70\ 

(3!)(4!)2^i'^2A'3"fi---i'4"pi---P4'''^'^-^ [a.ii)) 
The trace of the gamma matrices are now 

^^(|pMlM2M3pfl---f4pPl---P4'J _ ^j,^pMlP2M3''l---''4pPl---P4^ _ 1 M2P3 ^1 •• ' l'4Pl •• ' P4 Jj^'j 

Therefore, we obtain the following contribution 



(344) = _l^-^^^^^4^...^^y^^...^^eMiM2M3.i-.4Pi-P4, 



(444) terms Here we do not have to multiply 3, because there is only one way to pick up the (444) term from 



(^<...^.<.....wp,...p.i'^(r^"-'^^r''--^r''--''^). (b.76) 

On the other hand, the nonvanishing trace of the gamma matrices are 

^^j|pMl---A'4pl'l---I'4ppl---p4'J _ _y27yA'l'^l^M21'2^j,j|pM3At4I'31'4ppl---p4^ 

= -72x2Ax32r]^'''''T]''^•'^r]^'''P'r|^"'P^T]''^P''T]''''P\ (B.77) 
The contribution of this term is now obtained by 

(444) = -Aul^...^yf'"'\,^^u'"''''''''''\ (B.78) 

B.5.4 (D2) terms 

This is a term stemming from the contribution of ^^Str{H'^H''A'^), which are also attached to the anti- 
commutator of the generators. This term also serves as an anti-commutator of the large N field matrices. The 
nonvanishing terms are now 

(Oil), (022), (055), (123), (145), (224), (235), (245), (355), (455). (B.79) 

which can be known from the table in Appendix. IA.2.31 Two of the terms are picked up from mi, while the 
rest of one term stems from m2. 

(Oil), (022), (055) terms The computation of these terms is trivial. There are 3 ways as to where we 
should pick up w° from tr{m°'m^m'^). 

(Oil) = Su^ulyp^triV'TP') = 96u''uly\ (B.80) 
3 



(022) = __^««^^^^^,^^^^ir-(r''^''^r''^''^)=-48u"<,^u-^''% (B.81) 
(055) = -l-u-ul^...^^u';,^...^^tr{T'^-^^^^^ (B.82) 

(123), (145) terms There are 3! = 6 ways as to the way to pick up the terms. And the nonvanishing traces 
are computed respectively as 

(^^^^ ^ (^<.<.2"p4P2P3^Kr^^r--r''^''^^^) = _^|il|^z,;^^<^^,,^^^^^^i,(ry^^''^r,-''^,y-''3) 

= -QQulul^^y^^-^^'^^, (B.83) 
fi fi X 1 90 

= ^uiy,^...,yP^'^---\ (B.84) 
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(224) terms The contribution of this term to the non-gauged action is 

„a „,b ..c +„(TMlM2pi'li'2T^Pl---P4N 
(■21)241 MU'a "^! ''a "pi---/34'''v-^ ^ ^ 



(B.85) 



where the trace of the gamma matrices is 

^^(rA'lM2p'>lf2pPl---p4) ^ ^^(pA'lM2l'll'2pPl--p4) 24 X 3277^1 ^"1 T^^^ P2 ,^1^1 P3 ^i'2P4 ^ (B.86) 

Therefore, this term gives the contribution 

(224) = 24^.;;^^^<,^7.^^^^^''^''=. (B.87) 



(235) terms We repeat the same procedure as has been performed 
6 

(2!)(3!)(5 



(235) = ,o,v."v.n <^^<-^-3"p...pa^Kr^-^-r-^---3rp.-P.) 



fix 1 20 X 32 

- ,fc ,,C ,^/iipi^/i2P2„l'iP3„I'2P4„l'3P5 — T yC/Jl/i2I'l!^2!'3 



I/lZ^2^^3 



Uf, „ „ „ „ /Xipi M2P2 1'1P3 I'2P4 i'3P5 ^ Ig^a 6 

(245) terms 

('245'! — ^ 7;" 7;'' 7/^^ +^('pA'iA'2pi^l---i'4ppi--p5\ __L a 6 c ,AilAi2i^l---i^4Pl---p5Cp> on^i 

l^'iO; — j-2!)(4!)(5!) '^1A'2"1'1-1'4"P1-P5'''^^ i i j- 2q",xi/X2"!^1-1'4"pi-P5^ ^.-D.OJJ 



6 1 



(355) terms This term gives the fohowing contribution to the action: 

3 

U°- +^(■pMlP2M3p^'l•••n"5pPl•••P5^ 90") 

(^3Q(5l-)2 MiA'2/i3"i^i -i^5"pi -P5'''v^ i^o-au; 
Computing the trace of the gamma matrices, we obtain 

^j.('pMl/^2M3pI'l---»l'5pPl---P5^ _ 2^^^lPilj-(Yt^lt^2l-l.3V2---V^YP'^"'P^') — —25 X 327y''l ''^ f'^^ '^^ 1^2 ' ' ' 1^5 P2 •• ' P5 g]^^ 

Therefore, the final result is 

(355) = -^<,^2M3<-.."^''^P2-P5^^^^^'^^''=-'^=''=-''^ (B.92) 
(455) terms This term gives the contribution to the action 



3 



^ ^^i^(rMi-M4p>^i-^^5pPi-P5), (B93) 



(4!)(5!)^ pi---A'4 "-pi- 
We compute the gamma matrices again to obtain 



^^(pMi---M4pi^i---i'5ppi---P5^ = —6 X 10 X (2l)7y''i''ir^'^2''^ir(r'^3M4i'3i^4i^6ppi---p5^ 
= -120 X 120 X 32r;^i''ir;^^''^?7'"3Pi,^M4P2^^3P3^>'4P4^i^5P5^ (3 94) 

Therefore, the result is 

(455) = -Au1^...^u^^'^>'\^^,^,u''>'^>'^'''"'^''\ (B.95) 

This completes the lengthy computation of the bosonic part tr{m°"m''m'^). The next job is to express these 
terms utilizing the fields with the x^'^ — direction specified. Expressing this action in terms of the variables 
defined in 14.29|l . the bosonic part h and the fermionic part // is rewritten as follows. 

/ - ^TrN^Nih + If), where (B.96) 
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lb = (Fl) + {F2) + (Dl) + {D2) + { 



vvv 



= + 32Z^ + 96ZW^ + 'i8Z{A<^+^'\A'i^^ - 24Z{Ci,.,,,C'''^} - 2'iZ{D,,,^, D'^'^} 

- %Z{E^^y^,E^-^'^'-'''}^2Z{G,,...,,,G^^^^^^^ 

+ 4(AW[i?,,...,„/(-)^--^=]-A(7'[i?,,...,,,/(+)^--»^]) 

+ 16G,,,JG*%3,G^^^^] + 12{G,,,,,G,3,JG*---^^+48Q,,j7^'^,3,D^^^^]+24{G,,,,,A3»4}^r'"'"" 

+ 24a,,j£;W^\3,,,i?(-)^^^^^-]+8G,,,,({i?(+|,^,/(-)^--=} + 

+ 12{A,.., A3u}G^"-"* - 24A,..{i?(+)'\3.4,£^'"''^'^'n + 4A,..(-K+i,,,/(-)^--'1 + 

— —D IG G ■ — 1 fifD G^ 1 /T*! '*'' + — D- ■ i/T /T ■ i.f*i -*iott 



J_n. . ('/r(+^ 7-(-)p. . 1 + /-(+)p. . iv*!'"*!"* 

^{£;f+),3,i?(^,JG,,....,„e----« + 6{4+l^,i?(-)^3u}G^^---" 

8([ii/^ ''''1112 ; ^pi3Ui5]-^^ ^ ^ ^ + [-B'' ■'''ij^jj , Gpigi^jj;]/^ ^ 

18 *1*2»3 1^-'PUI5«6 ' I7---I10 J ^ -^liJ2«3 l P*4*5i6 1 ^ 17 ' ' 'JlO J / 

1 



^"-r!l---l4\"-r JU2J"" J «! «2 23 7 ""PU»526 J ■i7 ' ' ' no • • -14 \ -i-* Jlj2 7 J 

- 9r'- ■ ('/7"( + )*l*2 . . . 7-(-)i3UJlj2j3l I r 7-(-)n'i2 . . . 7-( + )i3 ^4 Jl J2 J3 1 \ 

_i_ J_rwP. . . n \n ■ f«i---'ioS i 1 wp'^. . crr(+) r(-)n--^5i _ rr(~) 7"(+)^l•••''5l^ 

^ 54^ 4l»2»3 ' ^^P''4''!526J^^*7---«10'= 3 *1 «2 V peris 14 is I ^ J [-'pcris i4 is I ^ J7 

+ 54^"^'' ^^■'nj2i3 7 -^pCTi4i5i6]-^»7---no^ ^ (B.97) 

// - -H4>l{'" + z~ w)iPR + + Z + w)i,L) - 3i(0LrM|+VL + 4>Br'A'f^i^ii) 

- J('^Lr*"-"nGn....4 -^fn-.4)^fl + 0flr^''"MG,,...,, + 

- |(20ir--^/i+.).,^V^i + 20«r--^4-).,^^^). (B.98) 
B.6 Proof of (f53K|) 

In this section, we verify that other terms than are given in H5.55|l vanish from this action. 

• First, we investigate the first term tr{nP'T^). Using the decomposition m = + mo, this term is 
tr{[m\ + ttIq + merrio + mome)r*'). 

★ The cross terms tr{{memo + mome)T'^) are easily understood to vanish. The formula of the product 
of gamma matrices in Appendix. IA.2.31 readily shows that the product of and r° is of the odd 
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rank. Since the trace of the gamma matrix survives only for the rank (id est, the unit matrix 
132x32), these cross terms do not affect the action. 

■k Next, we verify that the term tr{mgT^) also vanishes. This is less trivial than in the previous 
case. Consider the product of two gamma matrices of odd rank r^^ ' ^^fc+i and P-'i ■Jai+i. Utilizing 
the formula in Appendix. IA.2.51 only one of them is required to possess the index jj. Another 
requirement is that, of course, k — I, ii we are to extract the terms of rank 0. In this case, the only 
surviving term is 

pil--j2fc + ipjl---j2fc + lttptt — X(— l)^'^ + '"+^r;[*^ ^"'^ . . . ,y»2fc + l]-'2'' + ll^p|)-j2^ (B.99) 

pjl--j2fc + lttpn---i2fc + ipl) _ j^j'_-[^-|(2fe+l)+2fc+--l^['ii . . . ^i2fe+l]^2'=+il (^ptt-)2^ (B.lOO) 

where AT is a coefficient read off from the formula l|A.15l) . Now, it is not the coefficient X but the 
relative sign of these two terms that matters. Since 2fc + 1 is an odd number, (— 1)^'^^ and 
(_l)(2fe+i)+2fc+ - i jg different in sign. This means that the anti- commutators {too,™^} all vanish, 
and that only the commutators [mo,rn'^ survive. The trace tr[R[mo,m'^T'^) vanish, because of the 
cyclic property of the trace^^. We have thus justified that the term tr[m'jjT'^) is excluded from this 
action. 

• We next have a look at the cubic term with respect to the fluctuation. The discussion is much easier than 
before. Originally, the cubic term involves the following terms: 

tr[nrC') = tr{m'l) + 3tr{nilmo ) + 3tr{m,eml) +tr{ml). (B.lOl) 

However, the terms tr{rn^mo) and tr{m'^^) clearly vanish, because these terms includes only the terms 
of the odd rank, considering the product formula (jA.15|) . Therefore, the trace vanishes from Appendix. 
1X2:51 

• The chirality of the fcrmionic terms are determined by the properties (|A.8|I . 

C Wigner Inonii Contraction 

We introduce a notion named the 'Wigner-Inonii contraction'. This is a technique to produce the Poincare 
algebra in R''~^'^ from the algebra of AdS algebra. The d dimensional anti-de Sitter(AdS) space can be 
represented as the hyperboloid 

d-l 

-Xl-Xl + y^X^ = -R\ (C.l) 



1=1 



with the metric of the space 



77^^-dm5(-l,l,...,l,-l), (C.2) 



where the indices /t runs from 0,l,---,(i — l,d. The symmetry of AdSd space is equal to d — 1 dimensional 
conformal field theory, as is well known in the context of AdS/CFT correspondence 

[M/ip, Mpfj] = riopMjxa + rjjj^fjMop - r]f,pMoa- - rjo^Mpp. (C.3) 

Then, we specify the x'^ direction, and we define an operator P^, where /i runs /i 0, 1, • • • d — 1, as 

Pp^]-Map{^iihR^^). (C.4) 
K 

The algebra of and Mp,j is now obtained by 

[M^^, Mpa] = rj^pMf^a- + rit^oMyp - r]ppMy„ - r]y„M^p, (C.5) 
[P^, AV] = -r^paPp + VppPa, (C.6) 

[I\^J^A=^Mp,. (C.7) 



Completely likewise, we can understand that the terms tr{m'^T^) only survive as an anti-commutator. 
^"We are sloppy about the order of the matrix, because we only mind the rank of the gamma matrices. 



85 



Now, the generators and M^^ should be regarded as the translation and the Lorentz transformation in c? — 1 
dimensional spacetime, respectively. The virtue of taking the radius of AdS space to be infinitely large lies in 
the fact that the two operation of the translations ljC.7|) commute with each other. The results (jC.Sp . ljC.6p 
and (|C.7p indicates the algebra of AdSd space in the limit of the infinitely large radius i? — > oo becomes the 
Poincare algebra in R**"^'^ spacetime. 



Note that the set of 11 dimensional gamma matrices of rank 1 and 2 constitutes the closed algebra, and 
this set satisfy totally the same algebra as d — 1 dimensional conformal field theory. Let us investigate the 
commutator of these gamma matrices. 



^2 '2 ^ 2 ' 



2 ' 



2 ' 2 ' 



(C.8) 

(C.9) 
(C.IO) 



Therefore, these gamma matrices are identified with the transformation and the Lorentz transformation of 
Minkowski spacetime, and the correspondence is as follows: 



1 

R' 



1 



ppiy 



(C.ll) 



In order to grasp the intuitive image of the Wigner-Inonii contraction, let us have a look at the case of the 
sphere 5^. Although this is not an AdS space, the argument is similar, and serves to understand the Wigner- 
Inonii contraction in a pedagogical way. We are considering the S'^ sphere embedded in the 3 dimensional 
Euclidean space, and the metric is now 5'-' = diag{l, 1,1). The generator of the rotation around the x'' 
direction is obtained by 



(C.12) 



where (ijk) — [xyz), (yzx), (zxy). This generator satisfy the following commutation relation, which is the same 
as that of AdS space, up to i: 



kl] 



(C.13) 



This is translated into the well-known SU{2) algebra [J*, J^] = ie^^'^j'', if we adopt the expression j'' — eij^,P^ . 
Now let us consider a sphere whose radius is large enough. And let us have a look at the transformations P 
from the viewpoint of the observer at the north pole. 




Figure 19: An example of the large enough S'^ sphere. The rotation around x, y axis is perceived as the 
translation in x, y direction, from the viewpoint of the observer. 



Let the operator P^ and Py be defined as 
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The Wigner-Inonii contraction means that the rotation around the x, y axis can be perceived as the translation 
in X, y direction for the observer at the north pole. This can be algebraically seen by the following commutation 
relation: 

[P.,Pv]^^Jz- (C.15) 

This commutation relation corresponds to the fact that we perceive the earth as a flat space even though the 
fact is that the earth is a sphere whose radius is tremendously large. And there is no difference for us residing 
on the earth even if we step east and then step north, or we step north and after that we step east. Even 
though our ancestors, except Pythagoras who believed that our world should be a round sphere for aesthetic 
reason, have believed that our world should be a flat plane supported by a giant Atlas, they have overlooked 
the possibility that the 5^ sphere becomes a flat plane E'^ by the Wigner-Inonii contraction. 
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